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Extra

2-1.

DIAMOND PROBLEMS

Finding and using a pattern is an important probsetring skill you will use in
algebra. The patterns in Diamond Problems will be used later in the course to solve
other typesf algebraic problems.

Look for a pattern in the first three diamonds below. For the fourth diamond, explain
how you could find the missing numbers (?) if you know the two numbers (#).

Copy the Diamond Problems below onto your papérenluse the pattern you
discovered to complete each one.
e.

XX

Your teacher will distribute a set of algebra tiles for your team to use during this
course. As you explore the tiles, address the following questions with your team. B
prepared to share your responses with the cld$you are using Algebra

Models? or paper tiles, students should find seven differentsized tiles. They

should notice that they all have one common color (or shading) on one side as

well as recognizeltat each tile has other tiles that have an equal dimension. ]

a.

e How many different shapes are there? What are all o
of the different shapes? ,:l -
e How are the shapes different? How are they the \ 2
same?

e How are the shapes related? Which fit together and whicht®o no
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2-2. Draw a picture of each size of tile on your paper.

a. The algebratiles will be referred to by their areas. Since the smallest square ha
a length of 1 unit, its area is 1 square unit. Tthesname for this tile is OoneO
or a Ounit tile.O Can you use the unit tile to find the other lengths? Why or why
not? [ No, because the tiles are nenommensurate. (See the Math Notes
box for this lesson for more information.) |

b. Name the other tikeusing their areas. Be sure to use what you know about the
area of a rectangle and the area of a sqdreaddition to unit tiles, students
should name the Epiece, x-tiles, y-tiles, xy-tiles, x-tiles, and
y*-tiles. ]

Take 6 unit tiles and make a rectangle. Is there another rectangle that you can make? Draw the
rectangles with the dimensions labeled. Write down all the dimensions of the
rectangles whose area equals 6 square units. These are dihe déaét

4-72. Find the area of the entire rectangle in each diagram below. Show all work.
[ @: 4896 sqg. units, b:91+13x sqg. units, c: 900 sqg. units, d: 336 sq. units ]
a. b.
48
13
102
X 7
c d.
20 15
32 13 9
11 3
5-1. Your teacher will pit this group of tiles on the overheddThere are onex’-tile, six

x-tiles, and eight unit tiles. ]

IIII':‘HHD

|
x2 |
DHD [ o
O D

a. Using your own tiles, arrange the same group of tiles into one large rectangle.
On your papersketch what your rectangle looks like.
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b. What are the dimensions (length and width) of the rectangle you made? Label
your sketch with its dimension$.x +4 and x+2 |

c.  Write alengthawidth = areastatement showing the equivalence of the area as
theproduct of its length and width and as them of its parts.

[ x2+6x+8=(x+2)(x+4)]

Your teacher will assign several of the expressions below. For each expression, buile
a rectangle using all of the tiles, if possible. Sketch each rectangle, find its
dimensions, and write axgression showing the equivalence of the areasasma

(like x*+5x +6) and as g@roduct (like (x+ 3)(x +2)). Ifitis not possible to build

a rectangle, explain why not.

a. x2+3x+2 b. 6x+15
C. 2X°+7x+6 d 3?+4x+1
e. 2x°+10x+12

MATH NOTES

THODS AND MEANINGS
Multiplying Algebraic Expressions with Tiles

The area of a rectangle can be written %

two different ways. It can be written as a X
: ) DC#/DY
product of its base and height or asam of
its parts. For example, the area of the shaded xZ [X|X|X|X
rectangle at right can be written two ways:
L X [TT1]
(#4%D

area as a product area as a surh

4#,C5%#-53
(x+4)(x+2)N=1Ix2 + 6x + 8 \/
—_— — — —

baz heght area

5-4.

For the entire rectangle at right, find the area of each part
and then find the area of the whole/7 + 56 + 33 + 24 =
190 square units |
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5-10.

5-11.

5-15.

Write the area of the rectangle at right g8 educt and as aum.

Refer to the Math Notes box for this lesson if you need help. -
[ Qx+4)(x+2)=2x2+8x+8]

For each of the following rectangles, find the dimensions (length and width) and write
the area as theroduct of the dimensions and #ése sum of the tiles. Remember to
combine like terms whenever possibfea: (2x+ 3)(X+2) =2x?+7x+6 ]

a.

Your teacher will assign your team four of the expressions below. Use your
cornerpiece to build rectangles with the given dinamsi Sketch each rectangle on
your paper, label its dimensions, and write an equivalence statement for its area as a
product and as aum. Be prepared to share your solutions with the class.

[a: 8x%, b: 2x2+7x+3, ¢ 2x2+10x, d: 4x>+4x+1, e:2x%+xy,

f: 2x2+2xy+9x +5y+10, g: 6x+10, h: 2xy+y?+ 3y ]

a.  (2x4x) b.  (x+3(2x+1)
c. 2x(x+5) d (2x+1(2x +1)

Examine the rectangles formed with tiles below. For each figure, write its area as a
product of the base and height and asuan of its parts.
[a: (x+1)(x+3)=x?+4x+3, b: (2x+1(x+2)= 2% +5x + 2 ]

a. b.
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5-16.

5-22.

5-23.

5-24.

Find the total area of each rectangle below. Each number inside the rectangle
represents the area of that smaller rectangle, while each number along the side
represents the length of that portion of the side. 238, b: 112 ]

a. b.
87! =B 3Bl

88

> >9!

B <l

Write the area as@aroduct and as a
sumfor the composite rectangle
shown at right.

[ (4x+5)(2x +3) =8x2+22x +15]

Now examine the following diagram. How is it similar to the set of tiles in problem
5-22? How is it different? Talk with your teammates and write down all of your
observations] Students should notice that the area inside each smaller rectangle
of the generic rectangle corresponds to the tiles in the same portions of the
rectangle in problem 522. ]

= 87" 8:!
n" 8x2" 89!
> ol

Diagrams like the one in problem23 are referred to ageneric rectangles Generic
rectangles allow you to use area model to multiply expressions without using the
algebra tiles. Using this model, you can multiply with values that are difficult to
represent with tiles.

Draw each of the following generic rectangles on your paper. Then find the area of
each parand write the area of the whole rectangle psoduct and as aum.

[a: (3)(y+5)=3y+15, b: (x)(2x)=2x2, c: (x+5)(2x! 3)=2x2+ 7x! 15,

d: (4y! 7)(6y! 1) =24y?! 46y +7]

a. b.

# F!
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5-25.

5-26.

?2;

>#'

X @ %
n" 2=l

e. How did you find the area of thedividual parts of each generic rectangle?

Multiply and simplify the following expressions using either a generic rectangle or the
Distributive Property. For part (a), verify that your solution is correct by building a
rectangle with algebra tile§.a: 3x2+17x +10, b: 10y?—11y— 35,

c: 18xy! 33x, d: 15w?! wp! 2p?! 20w+ 8p ]

a. (x+5)(3x+2) b. (2y-5)(5y+7)

c. 3x(6y! 1)) d.  (5w-2p)(3w+p-4)

THE GENERIC RECTANGLE CHALLENGE

Copy each of the generic rectangles below and fill in the missing dimensions and are
Then write the entire area as a product and as a sum. Be prepared to share your
reasoning with the clas$.a: y(x+3)=xy+3y, b: (x +12)(x +5) = x? + 17x + 60,

c: (x! 2)(2x! 3y+5)=2x21 3xy+x+6y! 10, d: multiple answers possible ]

a. b.
H# | = X2
H 87!"
o
(o d.
2=I#" EHRS
271 2> 289! <!
2=#"
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8-2. The process of changing a sum to a product is cilgdring. Can every expression
be factored? That isdpesevery sum have a product that can be represented with
tiles?

Investigate this question by building rectangles with algebra tiles for the following
expressions. For each one, write the area as a sum and as a product. If you cannot
build a rectangle,dprepared to convince the class that no rectangle exists (and thus
the expression cannot be factorepa: 2x+3)(x+2), b: 2x+1)(3x +2), c: no
solution, d: (2x +y)(y+3); Conclusion: Not every expressin can be factored. |

a. 2x°+7x+6 b. 6x2+7x+2
c. x2+4x+l1 d.  2xy+6x+y?+3y
8-3. Work with your team to find the sum and the product for the following generic

rectangles. Arehere any special strategies you discovered that can help you
determine the dimensions of the rectangle? Be sure to share these strategies with yc
teammates| a: (3x +1)(2x +5)=6x> +17x +5,

b: (5x! 2)(y+3)=5xy+15x! 2y! 6, c: @x! 3)Bx+4)=12x>+7x! 12 ]

a. b. C.
2x 5 2y | -6 —-9x | -12
6)(2 15X 5Xy 15X 12X2 16X
8-4. While working on problem -8, Casey noticed a

pattern with the diagonals of each generic
rectangle. However, justelore she shared her
pattern with the rest of her team, she was calle
out of class! The drawing on her paper lookec
like the diagram below. Can you figure out
what the two diagonals have in common?

[ The product of each diagonal is equal:
6x215=30x2 and 2x!15x = 30x?. ]

N paN

2x

@
e

012!34&*%#-5'6!1.-/.", ! B



8-13. FACTORING QUADRATICS

To develop a metholr factoringwithout algebra tiles, first study how to factor with
algebra tiles, and then look for connections within a generic rectangle.

a.

Using algebra tiles, factarx? + 5x + 3; that is, use the tiles to build a
rectangle, and then write its area as a produ(@x + 3)(x +1) ]

To factor with tiles (like you did in part (a)), you need to determine howldse
need to be arranged to form a rectangle. Using a generic rectangle to factor
requires a different process.

Miguel wants to use a generic rectangle to factor
3x2 +10x+8. He knows thaBBx2 and 8 go into the 3
rectangle in the locations shown at right. Finish the

rectangle by deciding how to place the xeierms. Then
write the area as a produg¢tOne corner should contain 3x?
4x, while the other should catain 6x; (3x +4)(x +2). ]

Kelly wants to find a shortcut to fact@x2 + 7x+ 6. —
She knows tha2x? and6 go into the rectangle in the 20
locations shown at right. She also remembers Caseyéév @/ /_\
pattern for diagonals. Without actually factoring yet, —
what do you know about the missing two parts of th 2x? 1 @ ’
generic rectangleP Their sum is 7, and their ~—
product is 12x2. ]

To complete KellyOs generic rectangle, you neeckiteoms  product
that have a sum ofx and a product of2x2. Create and

solve a Diamond Problem that represents this situation.

[ The product 12x? should be placed at the top of the

diamond problem, 7% at the bottom, and terms X and 4x

should be in the middle. ] sum

Use your results from the Diamond Problem to complete the generic rectangle
for 2x2 +7x + 6, and then write #harea as a product of factors.
[ (2x+3)(x+2)]

8-14. Factoring with a generic rectangle is especially convenient when algebra tiles are not
available or when the number of necessary tiles becomes too large to manage. Usin
a DiamondProblem helps avoid guessing and checking, which can at times be
challenging. Use the process from proble38o factor6x2 +17x+12. The
guestions below will guide your process.

a.

When given a trinomial, such &2 +17x +12, what two parts of a generic
rectangle can you quickly complet¢®ne corner contains6x?, and the
opposite corner contains 12. |
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8-15.

8-22.

b. How can you set up a Diamond Problem to help factor a

. ) product
trinomial such a®6x2 +17x+12? What goes on the top?
What goes on the botton{?The product of the x* and
units terms (in this case,72x?) goes on top, while the
x-term (17x) goes on bottom. ]
c. Solve the Diamond Problem f&x2 +17x+12 and sum

complete its generic rectangle.
d. Write the are®f the rectangle as a produgt(2x + 3)(3x +4) |

Use the process you developed in probletr8&o factor the following quadratics,
if possible. If a quadratic cannot be factored, justify your conclusion.

[a: (x+3)(x+6), b: 4x! 3)(x+5), c:(2x! 3)(2x! 1), d: not factorable
because there are no integers that multiply to get9x? (the diagonal of the
generic rectangle) and add to get |

a.  X2+9x+18 b. 4x2+17x!'15 c. 4x218x+3 d. 3xZ+5x!3

Factor each quadratic below, if possible. Use a Diamond Problem and generic
rectangle for each ong.a: (x +3)?, b: (2x+3)(x +1), c: not factorable,
d: Gm+7)(m! 2) ]

a. XxX2+4+6x+9 b. 2x2+5x+3

C. x2+45x!7 d 3m2+m-14
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4-129.

COMPLETING THE SQUARE

Jessica was at home struggling with her Algebra 2 homework. She had missed class
and did not understand the new method caltadpleting the square Shewas

supposed to use it to changéx) = x? + 8x +10 to graphing form without figuring

out the vertex first. Then her precocious younger sister, who was playing with algebr
tiles, said, Bey, | bet | know what they meén AnitaOs Algebra 1 classl been

using tiles to multiply and factor binomials. Anita explained:

x2 represents the area of a square tile with dimensibys,
X  represents the area of a rectangle with dimensitaysl, and
1 represents the area ofquare with dimensions 1 by 1.

OresO said Jessicd,t@ok Algebra 1 too, remembédd? Then Anita said@00d, so
f(X) = x? + 8x +10 would look like this
X X
X2 x| [ x_] |x X T
and you need to make it into a squée!
DK, O said Jessica, and she arrangetiiégas shown in the picture below.

X + 4 @hO said JessicaS®with the 8 xOs, | just need 16 small unit

X | 2 [x|x|x[x| tiles tofillinthe cornel®

@But you only have 10 Anita reminded her.

(Right, | only have te® Jessica replied. She put in the 10
--------- small squae tiles then drew the outline of the whole square
and said:

XX || X ><

X + 4

@Dh, I get it! Thecomplete squarés(x +4)?, but | have six X | x2 [X|X|X|X
fewer tiles than that, so what | havéis- 4)2, minus 60

+ [ x J[zlaaz
N . N X 1f1)2f21
@Dh, | seO said Anita. Youstarted withx? +8x +10, but X iz |
now you can rewrite it ag? + 8x+10=(x+4)2! 6.0 41

[ a: you can expand(x +4)*! 6, b: (14,1 6), c:See graph

below. ] \ /
a. How can you prove that? + 8x+10 and (x+ 4)2! 6 are .
equivalent expressions? \/—2——

b. Where is the vertex of the parabdiéx) = (x+4)% ! 6?2

c. Sketch a quick graph of (x) = (x+4)?! 6.
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4-130. Help Jessica with a new problem. She needs to contpkesgiuare to write
y=x%+4x+9 in graphing form. Draw tiles to help her figure #
out how to make this expression into a square. Does she have ]f
few or too many unit squares this time? Write her equation in )
graphing form, name the vexieand sketch the graph.
[ y=(x+2)?+5; vertex: (12,5); See graph at right.] 2t

-

T

4-131. How could you complete the squacechangef (x) = x2 + 5x + 2 into graphing
form? How would you split the five-tiles into two equal parts?

Jessica decided to use force! She cut one tile in half, as shown below. Then she
added her two small unit tileg.a: 4.25, b: f(x)=(x+2.5?2! 4.25;
vertex: (1 2.5!1 4.25 ; see graph below

X + 25 X + 25 1,
. 2* /2
i [ Kl i
+ [X e A
] ]
o5 _____I 2.5 i
™~z L
Figure A Figure B
a. How many small unit tiles are missing from JessicaOs #
square? /

b.  Write the graphing form of the function, name the vertex, _5’\/ L
and sketch the graph.

5+

4-132.  Write each function in graphing form, then state the vertex of each parabola.
[a: y=(X+3)>=2,(-3,)-2); b: y=(x+2)*+7,(12,7);
c: y=(x+5)?1 25 (15/125; d: y=(x+3.5%-10.25! (-3.5,1-10.25) ]
a.  f(x)=x2+6x+7 b. f(x)=x%+4x+11

c. f(x)=x2+10x d fxX)=x2+7x+2
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9-114  Andre needs to find the exact roots of the functfigm) = x2+2x21 7x! 2. When
he uses his graphing calculator, he can see that oneafritezcepts is 2, but there
are two other intercepts that he cannot see exactly. Whahéaseed to be able to
do to find the other rootsfThis is a discussion question. Students may or may
not suggest that dividing byx! 2 will yield a quadratic factor that they can set
equal to zero and solve]

Andre rememberthat he learned how to multiply binomials and other polynomials
using generic rectangles. He figures that since division is the inverse (or undo)
operation for multiplication, he should be abledgersethe multiplication process to
divide. As he thiks about that idea, he comes across the following news article.

Polydoku Craze Sweeping Nation!

(CPM) - Math enthusiasts around ] 1! 21 3l 41 5l
the nation have entered a new

puzzle craze involving the Al 11 2 DX + 3x! b1l
multiplication of polynomials.

The goal of the game, which B! 3x" 6X4! —3X3! 9X2! I 3x!

enthusiasts have named Polydoku,

is to fill in squares so that I 3 5 |
the multiplication of two c| ee 1 4x°1 2x<1 1 6x! 2
polynomials will be completed.

x4 17x31 +11x2! 19x1 42

The game shown at right, for
example, represents the
multiplication of (3xD2)(2x3Dx?+3xD1)=6x*D7x> +11x*> D9x + 2.

Most of the squares are blank at the start of the game. While the
beginner level provides the factors (in the gray squares), some of the
factors are missing in the more advanced levels.
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9-115 Andre decided to join the craze and try some Polydoku puzzles, but he is not sure ho
to fill in some of the squares. Help him by answering parts (a) and (b) bbtow
the Polydoku puzzle in the news article he read (found in prodléihd), then
complete part (c)] a: ! 2(! x2)=2x2, b: 1 3x®*+14x3, c: See completed puzzle
below. ]

a. Explain how the tern2x? in BT 21 3! 4 5|
cell C3 of the news article was A | 3 21l Dox PS5l
generated. xP|axsh | +lex-! ' '

b. What values were combined to B!
get -7x3 in the news article
answer?

p3! ! ! ! !

c. Copy and complete the
Polydoku puzzle at right.
Lo 2! 3l Al 5l
Al L AxSE | +l6x21| B2 | DS
| BI 2X" | 8x*! | 12x3!| 14x%1| —10x!
| Cl B3l | _12x31| —18x2!| 6x! 15!
8x*! +0x3! —22x2! 14x! +15!

9-116. POLYDOKU TEAM CHALLENGE ! 1 2! 3! 4l 5!
All 11 ! I I 2x! I

Work with yourteam to complete
the puzzle at right. Find the factors g, " 241 | ! |
and the product for the puzzle. If '
you get stuck, you can consult parts ¢| 1| 41 ! 12x21 ! !
(a) through (c) below for ideas.
[ See completed puzzle below. 12¢ 1
x—4)2x*=3x*=-2x+4)=

2x*1 1Ix*+10x2 +12x! 16, a:B2is ! 1 2! 3! 4! 5!
the same as the first term in the Al 11 2x31 | 13x2r | 2x! | 441
answer, b:B4+C3, ! 2x? +12x2, Bl x" 241 13x31 | 12%x21| 4x!
c: Answer term #4 =12x and | — 41 3 2

C4=8x. B5+(8x)=12x, B5=4x | 2 tedt] 11| 8al | 116!

2x41 111x3! +10x2!  +12x! 116!

a. Howis cell B2 related to the answer?
b. How did you find the third term in the answer?

c. What cells did you use to get the value in cell B5?
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9-117. Jessica is about to start the intermediate 1 1 21 3l 41
level Polydoku puzzle shown at right.
Show Jessica how to comfgehe puzzle.
Make sure you capustify your solution.
[ See completed puzzle beloy.

All 1 ! ! !

Bl 2x" ! ! !

+50] ! ! !

C!
Use your results to complete the statements
[ 6x3+7x21 16x+10 _ 3x21 4Ax+ 2 and X
2 -_— -

X+5

2X+5Bx2! 4x+2)=6x>+7x*! 16x+10 ]

+7x*! 116x!  +10!

6> +7x> —16X+10
2X+5

and(2x+5)! =

! 1! 2! 3l 41
ALl T 3x21 | Max! | +2!
BI 2x" | 6x3!| 8x2!| 4x!
C'| +I51| 15x21| 120x!| 10!
6x3! +7x2! —16x! +10!

9-118 Unfortunately, Jessica made a mistake when she copied the problem. The constant
term of the original polynomial was supposed to have the value + 18 (not + 10). She
does not want to start all over again to solve the pufaelt is the remainder.

b: 3x?! dx+2+385, c:2x*+3x! 5+345 ]

a. Jessica realizes that she now has 8 remaining from the original expression.
What is the significance of this 8?

b. Jessica writes her work as shown below:

6x3+7x>1 16x+18 _ (6X> +7x%! 16x+10)+8
2X+5 2X+5

=3x21 4x+2, remainder 8.

Gina thinks that there is a way to write the answer without using the word
Oremainder.O Discuss this with your team and find another way to write the
result. Be prepared to share your results and your reasorimtheiclass.

c. Use Jessica and GinaOs method to di@sig+11x% —12x—1) + (3x+1).
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9-119

9-120

Create your own Polydoku puzzles that can be used to solve each of the polynomial
division problems below. Express any remainders as fractions and use ydsrteesul
write a multiplication and a division statement such as those in probleii.9

[a:2x3! x?+3x! 5, b: x3—4x?-8x+2, c: xX*+4x-2-3%5,

d: x*+x3+x?+x+1]

6x4 —=5x3+10x2—18x+5
3x—-1

b.  (x*! 6x3+18x! 4)+(x! 2)

C. x—3>x3+x2—14x+3 d.

Now work with your team to help Andre solve his original problem (prol8ieirh4).
Find all of the roots (exact zeros) of the polynom[a2, ! 2 + J3,—2-3 ]

MATH NOTES

THODS AND MEANINGS

Polynomial Division

The examples below show two methods for dividifg- 6x3 +18x -1
by x! 2. In both cases, the remainder is tentas a fraction.
Using long division: Using generic rectangles: Remainder
3 2
X2 4x=1 8x+2
! 51 1 4x%! B8 +2 [
x! 2>x4! 6x3 +0x2 +18x! 1 X ax
x4 1 2x3 X'|oxA At -8 2| 3
3 2
HAxTHOX Bl _2x%1] + 83 | +16d| -4
I 4x3 +8x2
I 8x2 +18X x*16x2 +0x* +18 !1
I 852 +16X Answer: x*! 4x?1 8x+2+-%
2x11
2x! 4

3

Answer: x3 1 4x% 1 8x+2+-%
x! 2

GDC.CH-.@xt* | 6x3+18x! 1) O(x! 2)=x3! 4x?! 8x+2+ 35154

(x! 2)(x31 4x21 8x+2+-35)=x*1 6x° +18x! 1!
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