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Rocket Launch 
 
 
You have seen many ways to find the area under a curve.  The Rocket Launch problem allows 
you to test your skills by interpreting data from an actual Space Shuttle mission that took place in 
February 1997, with a mission to service the Hubble Space Telescope. 
 
 
2-165. As the shuttle mission STS-82 lifted off from the NASA launching 

pad at Cape Canaveral, Mission Control in Houston was receiving 
the following data about the vertical velocity of the rocket in 
feet/sec.  We will use this information to give an estimate of the 
distance the rocket travels during its first 40 seconds.   
[ a: 17162 ft (left endpoint), 19941 ft (right endpoint), 18551.5 ft  

 (trapezoidal);  b: y = 23.5x  is a pretty good fit.  c: 19100 ft;  d: h(t) = 11.75t2   
Students will draw the line in part (b) and find the area of the triangle which has a 
base of  t  and a height of 23.5t.  e: 1188 ft/sec, 2655 ft/sec ] 

 

Time since 
launch 

Velocity (ft/sec)  Time since 
launch 

Velocity (ft/sec) 

0 0  25.92 610 
2.88 44  28.80 689 
5.76 99  31.68 766 
8.64 160  34.56 839 
11.52 224  37.44 903 
14.40 290  40.32 965 
17.28 363  43.20 1027 
20.16 444  46.08 1087 
23.04 528  48.96 1146 

a. With your team, use the data to approximate the altitude of the rocket after 40.32 
seconds (assume the rocket is launched from sea level).  Try to come up with at 
least three ways to do this.  Describe your methods and justify your conclusion. 

b. Use a full sheet of graph paper and plot the data.  (You may want to use 2.88 
seconds as your scale for the x-axis.)  Note that the points lie approximately on a 
straight line.  Use the fact that the line must have a y-intercept of 0 (why?) to find 
the equation of a line that matches the data as closely as you can. 

c. Use the linear equation you found in part (b) to estimate the rocket’s altitude after 
40.32 seconds.  How did this answer compare to your answer in part (a)? 

Problem continues on next page. !  
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2-165. Problem continued from previous page. 

d. Use what you have learned earlier in this chapter and your approximating line for 
the velocity of the shuttle to compute the altitude in feet after t seconds. 

e. The ozone layer is between 30,000 ft. and 150,000 ft. above sea level.  Use the 
linear function you developed in part (b) to find the velocity when the shuttle 
enters and exits the ozone layer.  SHOW ALL OF YOUR WORK. 

 
 
Sometimes you come across a problem that is complex and you may feel overwhelmed.  What 
do you do?  Below is a problem solving strategy that can assist you in solving problems that are 
more challenging. 
 
 
2-166. Think about the steps you just took to solve the last problem.  Look over your work 

then discuss your solution strategies with your teammates.  Compare your methods.  
Did you use similar strategies?  The previous problem is a good example of the need 
for a problem solving strategy, which involves finding an intermediate value.  Almost 
everyone will have completed this problem by noticing that they need to find the time 
(the intermediate value) from the altitude and then use that number to compute the 
velocity.  The problem required you to think logically about a kind of chain of 
information, much like the flow charts in the computer programs you have been 
writing.  With your study team, list at least two other problem situations for which this 
strategy has been or could be useful. 
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2.3.1  The journey begins. 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
Area Under a Curve: Part I 
 
 
You know how to find the area of many different shapes, such as rectangles, triangles, polygons 
and circles.  But what if you needed to find the area of an irregular shape, one that cannot be 
broken into familiar geometric shapes?  In calculus, you will learn to find the area, and even the 
volume of these kinds of amorphous shapes.  Today we will start on this journey by introducing 
area under a curve. 
 
 

 
 
 
 
 
 
 
 

Many of the ideas in this textbook and in future 
mathematics courses are related to the area 
under a curve for different functions.  When we 
discuss AREA UNDER A CURVE  in this 
course, we will be referring to the region that is 
bounded by some function f (x) , the x-axis, and 
two vertical lines. 

 

 We will let the symbol A( f , a ! x ! b)  denote the area under the curve y = f (x)  for 
the region a ! x ! b . 

 
Note for future reference: A( f (x), 1 ! x ! 3)  and A(9! 2x ,1" x " 3)  mean the 
same thing as A( f ,1! x ! 3)  when f (x) = 9 ! 2x . 

 

 

x 

y 
f(x) 

b a 

M ATH   N OTES  
Area Under a Curve 

 STOP 
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2-63. Let g(x) =
5 if 2 ! x ! 4

3 if 4 < x ! 5

8 if 5 < x ! 9

"
#
$

%$
.  [ a: See graph at right.  b: It looks like steps.  c: 45 ] 

a. Sketch the graph of  g(x)  and shade the area 
between  g(x)  and the x-axis. 

b. The equation, g(x), is an example of a step function.  
Why do you think it is called a step function?   

c. Find A(g, 2 ! x ! 9) . 
 
 
 
2-64. Let f (x) = 9 ! 2x .  Let A( f , 1 ! x ! 3)  denote the area 

between the x-axis and the curve (i.e. under y = f (x) ) for 
the region 1 ! x ! 3 .  Our goal is to get an estimate for 
A( f , 1 ! x ! 3) .  [ a and b: See graph at right.  
d: Answers will likely be between 7.75 and 10.75. ] 
a. Graph the function carefully on graph paper using a 

scale that is about one inch for each unit.  You may 
want to use the 0 button on your calculator  

 to get the output values.  Make sure your x-axis extends to x = 8 , as we will use 
this graph for the rest of problem.  

b. Carefully divide the region into sub-regions with vertical lines at x = 1 , x = 1.5 , 
x = 2 , x = 2.5  and x = 3 . 

c. Decide with your team how to estimate the area under the curve (and above the  
x-axis) in each of the regions separately.  (There are several ways to do so.) 

d. Using any method your team decides to use, find the area of each piece and then 
estimate A( f , 1 ! x ! 3) .  (Your calculator 0 command may be helpful.) 

 
 
 
2-65. You should use the same set of axes as the problem 

above to do this next problem.  

 Now let g(x) = x ! 2 and compute an estimate for 
A(g, 3 ! x ! 6) .  Follow the same four steps as you 
did in the previous problem except this time divide 
your region into six equal sub-intervals (pieces).  
[ Answers should range from 4.4 to 4.9. ] 
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2-66. Let h(x) =
9 ! 2x for 1 " x " 3

x ! 2 for 3 < x " 6

#
$
%

&%
.  Use your work from the previous two problems 

to find a reasonable approximation for A(h, 1 ! x ! 6) . 
[ Students should add the results of problems 2 and 3. ] 
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2.3.2  How can I estimate the area? 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
Area Under a Curve: Part II 
 
 
Today we will look at a more formalized technique for estimating the area under a curve. 
As you work, think about what you could do to improve the estimates you make. 
 
 
2-78.  The graph of y = x2  for 0 ! x ! 3  is drawn at the 

right.  Notice that the interval, [1, 3] , is divided into 
four equal sections.  [ a: (1, 1), (1.5, 2.25), (2, 4), 
(2.5, 6.25);  b: the height;  c: 1, 1.5, 2, 2.5, 3; 0.5;  
d: The height of the rectangle is the function 
value at the left endpoint of each interval.  e: 6.75, 
smaller ] 

a.  Make a careful copy of this graph in your 
notebook.  Label the coordinates of the points 
where the rectangles touch the curve. 
 

b. In terms of the rectangles drawn, what does the 
y-value of each coordinate represent? 

c. We will use subscript notation to help us describe the rectangle widths.  Refer to 
the Math Note in Section 2.2.2 if you are unfamiliar with this notation.  Write the 
values of  x0,  x1,  x2,  x3 and  x4.  What is the width of each rectangle? 

d. The four shaded rectangles drawn are called left-endpoint rectangles.  Explain 
why they are called left-endpoint rectangles. 

e. Estimate the area under the curve by using the total area of the shaded rectangles.  
Is this area larger or smaller than the true area? 

 
 

y 

1 2 3 

9 
8 
7 
6 
5 
4 
3 
2 
1 

x 
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2-79. Let’s take another look at the same area with a 
similar but slightly different approach.  The graph 
of y = x2  for 1 ! x ! 3  is drawn again at the right.  
This time the rectangles are different.  [ a: height,  
b: They start from the right endpoint of the 
interval.  c: 10.75, larger ] 

a. Make a careful copy of this graph in your 
notebook near your graph from the previous 
problem.  In terms of the rectangles drawn, 
what does the y-value of the coordinate 
represent? 

b. The rectangles drawn are called right -endpoint rectangles.  Explain why they 
are called right-endpoint rectangles. 

c. Estimate the area under the curve by using the total area of the shaded rectangles.  
Is this estimate larger or smaller than the true area? 

 
 
 
2-80. In the previous two problems we found that A( f (x), 1 ! x ! 3) , the area under the 

curve y = x2  on the domain of 1 to 3, is between 6.75 and 10.75.  We say that  A  has  a 
lower bound of 6.75, and an upper bound of 10.75.  These two numbers are a long 
way apart.  In your study teams discuss what you could do differently to make the 
upper and lower bounds closer together?  [ Some possibilities are averaging the two 
values or using more rectangles. ] 

 
 
 
2-81. A BETTER ESTIMATE OF THE AREA 
 
 The graph of y = x2  for 1 ! x ! 3  is drawn at the right.  

This time we have made the width of each rectangle 
smaller.  [ a: 0.25;  b: 1, 1.5625, 2.25, 3.0625, 4, 5.0625, 
6.25, 7.5625;  c: They are the y-values of the left 
endpoints.  d: the width;  e: 3rd and 6th ] 
a. What is the width of each rectangle?   
b. What is the height of each rectangle? 
c. Explain how the heights are generated from 

the function. 
d. The sum of these rectangles can be written in the following form: 

S = 0.25(12 +1.252 +1.52 +1.752 + 22 + 2.252 + 2.52 + 2.752 ) .  What does the 
0.25 represent? 

y 

9 
8 
7 
6 
5 
4 
3 
2 
1 

1 2 3 
x 

9 
8 
7 
6 
5 
4 
3 
2 
1 

1 2 3 

y 

x 
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e. Numbering the rectangles 1 to 8 from left to right, which rectangles have areas 
that are 0.25(1.5)2  and 0.25(2.25)2 ? 

2.3.3  How can area be negative? 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
Area Under a Curve: Part III 
 
 

You may think that all areas are positive or that all distances must be positive.  Today we will 
see that this is not always the case. 
 
The first two problems in this chapter give you a chance to practice finding the area under a 
curve, in this case for an exponential function.  You may choose to do these problems entirely by 
hand if you like, or use the SUM program you wrote in Lesson 2.2.1.  Either way, remember to 
write out the sum in sigma notation first.  If you use your program, do not forget to enter the 
necessary equation in Y1. 
 
2-93. We wish to approximate the area under the curve y = 2x  for 2 ! x ! 4 .  Draw a sketch 

of the function and shade this area on your graph.  Break the interval (from 2 to 4) into 
5 equal pieces.  Use rectangles whose heights are the left-hand endpoints of each  

 interval to estimate the area.  [ a: 0.4;  b: 2.0, 2.4, 2.8, 3.2, 3.6, and 4.0;  c: The area 

of a rectangle is the width X height.  d: 0.4 !
k=0

4
2 2+0.4k ;  e: 15.023 grams;  f: Lower 

because the rectangles lie below the curve. ] 

a. What is the width of each sub-interval?   

b. On your graph, find and label  x0,  x1,  x2,  x3,  x4, and  x5 . 

c. Explain to your teammates why the sum we wish to evaluate is 
 S = 0.4(22 + 22.4 +É + 23.6 ) . 

d. Express S in sigma notation beginning with k = 0 . 

e. Using left-hand rectangles, estimate the area under the curve for 2 ! x ! 4 . 

f. Is the estimate you have just made lower or higher than the actual area?  How can 
you tell? 
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2-94. In the previous problem, you found a lower bound for the area under y = 2x  from 
2 ! x ! 4 .  Now approximate the upper bound for the same area by breaking the 
interval into 5 equal pieces and using right-hand rectangles.  [ a: 0.4 20.4k+2

k=1

5

! ; change 
the indices.  b: 19.823 grams;  c: Students should realize that the indices shift so 
that we use the same number of rectangles, but of different heights. ] 

a. What one small change will you have to make in your summation notation to 
write the sum to find an upper bound? 

b. What is the upper bound for the area? 

c. Write a statement that summarizes how the summation notation changes when 
using left-hand versus right-hand rectangles. 

 
 

NOTE: Do not throw away your graph and work from the last two problems.  You will need it in 
the next lesson. 
 
 
 
2-95. Now that you can estimate the area under a curve we will take a look at what that area 

might represent.  Here is an example in which the area represents something you are 
quite familiar with.  A car travels 60 mph for 2 hours and then 40 mph for 1 hour. 
[ c: Area under the curve = the distance traveled; i.e. 

 

hr ! mihr =mi ] 
 

a. How do you know that the car travels 160 miles? 

b. Let time be the independent variable and speed be the dependent variable.  Draw 
a speed vs. time graph of the situation. 

c. Explain clearly to the other members of your team why the area under the graph 
can represent a distance of 160 miles.  (This is an important question.  Be sure 
that you fully understand the relationship.) 
 

 
 



CPM Educational Program 
 

11 

2-96. Explore the areas in the next example.  As you do, think about how they are different 
from the areas you worked with in the last three problems. 

 

 The bar graph at right shows 
the profits and losses for the 
McMega Computer Company 
in millions of dollars.  Positive 
values mean McMega made a 
profit for that month, while 
negative values mean that 
McMega lost money for that 
month.  This is defined as the 
company’s net profit or loss.  
[ a: Gain of about 40 million.  
b: 20 + 25 + (! 20) + 15 + (! 5) + 5 = 40 mill ;  c: Count area  below the  axis as 
negative. ] 
a. Over the period shown, did the McMega Company make a profit or have a loss?  

Approximate the amount gained or lost. 
b. Show how the areas of the bars add up to give the answer from part (a) when we 

interpret the areas below the x-axis as negative.  (The width of each rectangle is 1 
unit.) 

c. In the future, when you find the area under a curve, you can think of the area in 
terms of this McMega Company problem.  What happened in terms of the profit 
when the area was below the x-axis?  What will we do when we encounter areas 
under curves that are also under the x-axis? 
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2.3.4  What happens to the area 
  of a shifted function? 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
Shifting Area 
 
We have seen how to calculate the area under a curve using left-endpoint and right-endpoint 
rectangles.  We have also shifted a variety of graphs.  What happens if we shift area? 
 
 
2-105. In previous problems you explored the graph of y = 2x  and the area under this curve 

for 2 ! x ! 4 .  Recall the lower and upper bounds you calculated for this area.  It is a 
fact (you will learn how to do this in calculus) that the area under the curve y = 2x  for 
2 ! x ! 4  is about 17.312.  Refer back to your sketch of this graph with the area shaded 
in.  [ Students should recall lower = 15.023 and upper = 19.823.  a: 19.312;  b: The 
shift added a 2 by 1 rectangle.  c: 37.312 , the shift added a 2 by 10 rectangle.  
d: 2a + 17.312, the width is always 2 and the height added is a. ] 

a. Let g(x) = 1+ 2x .  Add the graph of g(x)  to your previous graph.  Using the 
information above find A(g, 2 ! x ! 4) . 

b. Shade in the new area and explain why there is an increase of 2 square units. 

c. Let h(x) =10 + 2x .  Use the information above to find A(h, 2 ! x ! 4) .  Be 
prepared to justify your answer. 

d. Write an expression and explain how you would find A(p, 2 ! x ! 4) , where 
p(x) = a + 2x . 

 
 
 
2-106. Let f (x) = 6 ! 2x .  [ a: 9,  b: Shifts the graph up 2 units.  c: 15; additional 3 by 2 

rectangle.  d: 3 ] 

a. Sketch the graph of f (x) .  Use geometry to find A( f , 0 ! x ! 3) , the area under 
the curve y = f (x)  for 0 ! x ! 3 . 

b. Sketch g(x) = f (x) + 2 .  What does the +2  do to the graph of f (x) ? 

c. Find A(g, 0 ! x ! 3)  and explain how the area relates to the original area of f (x) . 

d. Let h(x) = f (x) ! 2 .  Find A(h, 0 ! x ! 3) . 
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2-107. Suppose the area of the figure at the right is found to be approximately 7.3 square units.  
[ a: No change.  b: Add 4 units.  c: Nothing, as long as 
the interval shifts also.  d: Add a 2 by k rectangle. ] 
a. How would the net area change if the graph and the 

interval were shifted 2 units to the left? 
b. How does the net area change if the graph were 

shifted two units up? 
c. Write a general description of what happens to the 

area under a curve when you shift it left or right. 
d. Describe, in general, what happens when you shift 

the curve up k units. 
 
 
2-108. Suppose you know that A(h, ! 2 " x " 3) = W .  Find A( j , 0 ! x ! 5)  in terms of W, 

where j(x) = h(x ! 2) + 3 .  [ W + 15 ] 
 
 
2-109. The area (computed using calculus) under the curve h(x) = x x2 + 3  for 1! x ! 3 is 

about 11.190.  Let n(x) = h(x) ! 2 .  Find the area A(n, 1 ! x ! 3) .  [ ! 7.190 ] 
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2.3.5  Why use trapezoids to find an area? 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
Trapping Area With Trapezoids 
 
 
So far, to estimate the area under a curve, you have relied on rectangles.  It may have occurred to 
you that you could use other shapes as well.  You may have already thought about using 
triangles, or even the shapes that we will concentrate on today, trapezoids.  As you work through 
this lesson, keep in mind what you might do to improve your estimates no matter what shape you 
are using. 
 
 
2-120. Many think the next easiest shape to use, besides a 

rectangle, is the trapezoid, as indicated in the figure at 
right.  We will estimate the area A( f , 1 ! x ! 4)  where 
f (x) = x2 +1 in three different ways.  [ a: 17 square 

units,  b: 32 square units,  c: 24.5 square units,  
d: Part (c) is the best estimate.  The sum in c is the 
average of the sums in a and b.  e: It is too high. ] 

a. First estimate the area using left-hand rectangles. 

b. Estimate the area using right-hand rectangles. 

c. Estimate the area using the three trapezoids shown 
in the diagram. 

d. Which sum is the best estimate?  How are the sums in parts (a), (b), and (c) 
related? 

e. Inspect the graph to decide whether the value obtained using trapezoids is too 
high or too low with respect to the actual value. 

 
 
2-121. Beau drove from Philadelphia to 

Washington D.C. to meet his grandparents.  
He left during commute time and ran into 
several construction areas along the way.  
Although it was mostly freeway, he was 
forced to take several detours and his speed 
varied quite a bit.  His sister Tamera kept 
track of speed and time, but his odometer  
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 was broken so he was not sure of the total distance he had traveled.  The graph below 
shows the information from Tamera’s super recording device.  Help Beau figure out the 
distance he traveled.  [ b: 126 - 130 miles ] 

Problem continues on next page. !  
2-121. Problem continued from previous page. 

a. Discuss in your team how you 
could estimate the distance 
traveled.  Come up with several 
ways to do this. 

b. Have each person estimate the 
distance using his/her own 
preferred method.  Compare your 
result with the results of the rest of 
your team.  Decide on and record 
the team’s best estimate.  Be 
prepared to defend your choice. 

 
 
 
2-122. A car travels at 20t + 20  miles per hour for 0 ! t ! 2  

hours.  [ a: See graph at right.  b: increasing,  c: 80,  
d: the units ] 

a. Draw a graph of the situation.  Be sure to 
label your axes. 

b. Is the car increasing or decreasing its speed? 

c. Compute the area under the curve. 

d. Explain why it is reasonable to say that the car traveled 80 miles in those two 
hours. 

 
 
 
2-123. A car travels 10t2 + 20  miles per hour for 0 ! t ! 2  

hours.  [ a: See graph at right.  b: increasing,   
c: Not as far.  d: About 66.7 miles. ] 

a. Draw a graph of the situation on the same 
axes as the graph you drew for the 
previous problem.  The axes should 
already be labeled with the correct units. 

b. Is this car increasing or decreasing its speed? 
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c. Compare this graph to the one you drew in the previous problem and decide 
whether this car traveled the same distance, further, or not as far as the car in the 
previous problem.  Justify your answer. 

d. With your team, decide how you might find an approximate numerical answer to 
the distance traveled by this car.  Find the approximate distance. 



CPM Educational Program 
 

17 

2-124.  Given the function f (x) = 5 ! x2 :  [ a: 7.25,  b: It is too low. ] 

a. Use 4 trapezoids to estimate the area A( f , 0 ! x ! 2) .   

b. Is this estimate too high or too low? 
 
 
 
2-125. Given the function f (x) = 5 ! x2 :  [ a: 8.25 sq. units,  b: 6.25 sq. units,  c: same ] 

a. Use four left-endpoint rectangles to estimate the area A( f , 0 ! x ! 2) .   

b. Use four right-endpoint rectangles to estimate the area A( f , 0 ! x ! 2) . 
c. Compare the average of your two estimates with the estimate you made in 

problem 2-124. 
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2.3.6  How can I get my calculator to  
  add up all of these pieces? 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
Going All to Pieces: Writing an Area Program 
 
You now have three ways to estimate the area under a curve: right-endpoint rectangles, left-
endpoint rectangles, and trapezoids.  You should also have some idea of how these methods 
differ from each other.  You know that, depending on the curve, some of these methods give you 
estimates that are too high and some return estimates that are too low.  However, one thing they 
all have in common is the fact that applying them can be very time-consuming and tedious.  This 
is especially true if you’ve decided that you want to divide the interval up into many pieces. 
 
 
2-136. We have been using our SUM program for a while to help do several summation 

problems.  Its usefulness is limited, however, because we need to edit it each time we 
have a new problem.  Now we’ll write a program to help us calculate the area under a 
curve for any interval and any function.  To prepare for writing the program, let us start 
with a simple function you are very familiar with.  Let f (x) = x2 .  Make a sketch of the 
graph and consider just what it would take to calculate the right- and left-hand rectangle 
areas by hand.  Remember, the program you write will have to take the same steps that 
you do, but it will do them faster (and probably more accurately). 

 [ a: 20;  b: 0.25, (6 Ð 1)/20;  c: left = !
k=0

19
0.25(0.25k + 1)2 , right = !

k=1

20
0.25(0.25k + 1)2  ] 

a. We want to divide the interval 1 ! x ! 6  into 20 rectangles.  For the left- or right-
hand areas, how many rectangle areas will you be summing in each case? 

b. What will the width of each rectangle be?  How did you determine this width? 

c. Write summation notations for the left-hand and the right-hand areas. 

d. Edit your SUM program to calculate the left- and right-hand areas.  (You will 
have to change the indices and remember to enter the proper equation in Y1.)  
You should get: left-hand area = 67.344 and right-hand area = 76.094. 

 
Once you have the areas, enter them in your notebook.  (Note: Please record answers 
rounded to three decimal places.) 
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2-137. Now think about how these areas differ.  [ a: Except for the first left-hand rectangle 
and the last right-hand rectangle, the other rectangles are in both areas.  

b: !
k=1

19
0.25( 0.25k + 1)2  ] 

a. Which rectangles were included in both sums and which were not? 

b. Write a summation notation that could be used to total just the rectangles that are 
common to both left and right hand areas.  Hint: You just need to change the 
indices. 

 
 
The program you write will be built on the observations you just made.  We will write a loop that 
adds all of the common rectangles (rectangles that are in both the right and left-hand areas) and 
then just adds the appropriate (extra) rectangle to get each of the sums required. 
 
 
We want to make the program as user-friendly as possible so that we can use it for many 
different functions and intervals without editing it.  For this reason, we will list the variables we 
need and agree on some letters to represent them. 
 
 We need to know where the interval Begins.  We’ll call that B. 

We need to know where the interval Ends.  We’ll call that E. 
We need to know how many sections or rectangles to use.  Let’s call that N. 

 
 
 
2-138. We need to calculate the width of the rectangles that will be dependent on B, E and N. 

Call the width of each rectangle W.  Write a formula for W in terms of B, E, and N. 
[ W = E!B

N  ] 
 
 Once we put the function we want to use into Y1 (our test function is Y = X2 ), we’re 

ready to begin.  Enter the following commands into your calculator after starting and 
naming a new program. 

 
PROGRAM:  NAME  Call the program something that makes sense to you. 
ClrHome    Clear screen to make your program I/O easier to read. 
Input "BEGIN=", B  You can type whatever you want between the quotes, 
Input "END=", E        so use something that makes sense to you. 
Input  "PARTS=", N You may want to call it number of parts or sections. 
(E-B)/N! W   This line calculates the rectangle widths. 
Ø! S    Initialize the sum to zero. 
 
Note: The next part of the program captures those rectangle areas that are common to 
both left- and right-hand endpoint areas. 
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Problem continues on next page. !  
2-138. Problem continued from previous page. 

B+W! X    Set x to the right endpoint of the 1st rectangle. 
Lbl Z   Set a label to loop back to. 
Y1! H   Calculate the rectangle’s height at x. 
S+W*H! S   Find the rectangle’s area and add it to the sum. 
X + W! X   Increment x by the rectangle width to find the next point. 
If X≤ (E – W ) Stop the loop when you are at the left endpoint of the last    

rectangle. 
Goto Z 
 
Note: The next part of the program will capture and add the left most rectangle area to 
the left-hand sum and the right most rectangle to the right-hand sum. 
 
B! X    Set x to the left endpoint of the 1st rectangle. 
S+W*Y1! L  Add the first rectangle to the common sum and store to L. 
E! X   Set x to the right most endpoint. 
S+W*Y1! R  Add the last rectangle to the common sum and store to R. 
Disp "LEFT=", L  Display the left rectangle area sum. 
Disp "RIGHT=", R  Display the right rectangle area sum. 

 
 
 
2-139. Now it’s time to test and (as programmers say) debug your program.  To make sure it 

works, run the program and verify that you get the same results you did when you 
edited your SUM program earlier.  Find A(x2,1 ! x ! 6)  using 20 rectangles. 
[ left-hand area = 67.34375       right-hand area =  76.09375 ] 

 
 
 

Congratulations! 
You are now the proud owner of a program that will save you time and energy. 

 
 
 
2-140. TRAPEZOIDAL AREA 

 
 But what about the trapezoidal estimate?  With your study team, discuss how you can add 

two lines to your program so that it will return the trapezoidal area as well.  Once you’ve 
agreed, add the necessary lines to your program to find and display the trapezoidal area. [ 
Add: (R + L)/2 !  "    and  Disp "TRAP=" T] 
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2-154. Connie is a great math student.  Her teacher 
knows that Connie is open-minded and 
always anxious to try new things, so her 
teacher gave her the function f (x) = 2x  and 
asked her if she could find another way 
(besides right and left-hand endpoint 
rectangles or trapezoids) to estimate the area 
under the curve for 1 ! x ! 5  using 4 
sections.  Connie, being the creative person 
she is, drew the following diagram.  [ a: She 
used the midpoints of the sections.  One 
might refer to them as midpoint 
rectangles.  c: 1;  d: Rectangles are still 
one unit wide, change the 1 to 1.5.  
e: 42.426, 30, 60, 45;  f: Answers vary. ] 

a. Connie’s rectangles are not left- or right-endpoint rectangles.  How do you think 
she came up with these rectangles?  What might you call these rectangles? 

b. In your study team, discuss how these rectangles are different from the left and 
right-endpoint rectangles you have used in the past.  Do you see any advantages 
or disadvantages to Connie’s method? 

c. Knowing that f (x) = 2x , the sigma notation for this area using left-hand 
endpoints can be written as L = !

k=0

3
wf (wk +1) , where w represents the width of 

the rectangles.  Using four rectangles, what would w equal? 

d. In Connie’s diagram, what are the widths of the rectangles?  What would you 
have to change in the sigma notation to approximate the area using Connie’s 
drawing?  Hint: You only need to change one number. 

e. Find the area under the curve using Connie’s method as well as left, right and 
trapezoidal areas.  Compare these areas. 

f. The technique Connie used is simply referred to as using midpoints or using 
midpoint rectangles.  Do you think using this method approximates the area under 
the curve more or less accurately than the other methods? 
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MERGE PROBLEMS  
 
2-176. “RAPUNZEL, RAPUNZEL LET DOWN YOUR GOLDEN HAIR” 
 
You have heard of Rapunzel of course, but you probably do not know the whole story.  Have you 
ever wondered how long it took Rapunzel to grow that luxurious head of hair?  You probably did 
not know that Rapunzel was banished to the tower in the first place for shaving her head  
(a fashion tip gone radically wrong).  Absolutely bald as a cue ball when she entered the tower, 
Rapunzel occupied her long lonely hours by measuring how fast her hair grew.  She had no 
desire to leave the tower and appear in public until her hair was at least 5 feet long (probably an 
over-reaction to the baldness). 
Rapunzel determined that her hair naturally grows at a constant rate of 1 inch per month.  Three 
months had passed and her hair was three inches long.  She did the math and realized that at this 
rate it would be 5 years before she could leave.  This was unacceptable and Rapunzel felt like 
some of us do when the math gives us an answer we do not like.  She felt like giving up. 
Just at that moment a wonderfully clever wizard appeared out of nowhere and offered her a 
special potion that guaranteed to grow hair at a rapid rate.  In fact, the wizard guaranteed an 
exponential rate of growth promising that her hair would grow faster and faster as the months 
ticked by.  Rapunzel did not hesitate.  She began taking the potion immediately and, of course, 
kept right on measuring her hair.  Then she computed when she could once more return to her 
adoring public. 
 

a. Using the graph provided and what you 
have already learned in this course, write 
the piecewise function that expresses the 
rate of growth of Rapunzel’s hair in inches 
per month.  Let y represent rate of growth 
in inches per month and x represent 
months. 

[ R(x) =
1 x ! 3
2x"3 x > 3

#
$
%

 ] 

b. Label the point when Rapunzel began 
taking the potion.  What does the area 
under the curve represent?  Justify your answer. 
[ She started taking the potion at (3, 1).  The area represents the total length of 
RapunzelÕs hair after a certain period.  We are multiplying inches per month by 
months. ] 

c. How many inches will Rapunzel’s hair grow in the first three months after she begins 
taking the potion?  [ About 10.1 inches. ] 

d. How long will Rapunzel’s hair be nine months after she entered the tower? 
[ About 93.9 inches (donÕt forget the original 3 inches). ] 

months 

¥
 

•
 

•
 

•
 

(3,1) 

(4,2) 

(5,4) 

(0,1) 

rate of 
growth 

in 
inches/
month 
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k(x) =
___________
___________

!  
"  
#  

!
"
#

=
___________
___________

)(xh
 

e. How long will it be before Rapunzel can leave the tower?  [ About 8.34 months. ] 
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Periodic Functions 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

10 8 6 4 2 -4 -2 

(1, 4) (6, 4) 

(5, 2) 
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Area Under a Curve – Part I 
2-64. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2-65. 


