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Area Models for Multiplying Whole Numbers 
(Teacher notes and answers are in bold type.) 

 
Mental Math : multiply 14 x 23  
MP-46. Use base 10 blocks to build a rectangle with a base of 3 units and a height of 7 units.   

a)   Sketch your model. 

b) What is the area of the rectangle you built?  Write the related problem with the answer.   
 

 
Build the model of 3 á 10, using base ten blocks. 
MP-47. With your teacher, build the model of 3 · 12 using base 

ten blocks.  Sketch the figure and label its sides and area.    
 

 
 
MP-48. Use base ten blocks to build 10 · 10.  Sketch your result.  What is the smallest number of 

blocks you can use to represent this area?    
 
3-45. Take 12 one blocks. Make as many different rectangles as you can. What is the area of each 

rectangle? What are the dimensions of each one? What is the relationship between the area of 
the rectangle and its dimensions. 

 
MP-49. Build a rectangle that will model  

16 · 14.   
 
a) Make a sketch on your paper as 

shown below.  Separate the 
rectangle into four rectangular 
regions. 

 
b) These rectangular regions are 

the subproblems for the 
multiplication problem.  Copy 
these subproblems near your 
drawing. 

 

   16 
 x14 
   24 4 · 6 
   40 4 · 10 
   60 10 · 6 
 100 10 · 10 
 224 
 

6

10

10 4

10

6

410  

c) Now work the problem with the traditional multiplication algorithm (method) and 
record it on your paper next to the subproblems you just finished.  Do the answers 
agree? 
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MP-50. Build the rectangle that models 14 · 12.  Make a sketch on your paper.   
 
 a)  Separate the rectangle into four regions and 

write the subproblems which represent the 
four areas.  Add them to find the total area.  

 
b) Multiply 14 · 12.  Check to see that the 

answers agree.   

10 · 4 = 

40

10     +      4

10

+

2

10 · 10 =

100

2 · 10 = 2 · 4 =  
 
MP-90. Build, sketch, and label the problem at right.  Show the subproblems 

(partial products) you use to find the total area.  Remember the side of 
one large block is 10.  What would be the length of two large blocks?
  

 
23 á 14. 

 
 
 

3-61. Alan wanted to use his new idea of generic rectangles to help him multiply 325 and 46.  He 
started the diagram below.  

 
 
 
 
 
 
 
 
 
 

a. Copy the diagram onto your own paper and fill in the blanks with numbers that represent 
the dimensions of the rectangle as broken apart (or decomposed) into their place value 
components.  (Note that Alan estimated the different lengths in the rectangle, so they 
may not be the right size to match with Base Ten Blocks.)  [ length: 300, 20, 5;  
width:  40, 6 ] 

b. Find the product by calculating and adding the areas represented by each of the six small 
rectangles.  [ 40!300= 12000, 40!20= 800, 40 ! 5 = 200 , 6 !300 = 1800 , 
6 !20= 120, 6 !5 = 30; The sum is 14,950. ] 

c. Write your answer as a numerical multiplication sentence.  [ 325 !46 = 14,950  ] 
 
3-62. Draw generic rectangles to help you multiply the following numbers without a calculator.  

Show the place value of each part of the rectangle, the area of each part, and the area of the 
whole rectangle.  Make sure your solution is written in a numerical sentence.  
[ a: 25!18= 450;  b: 153 ! 25 = 3, 825 ;  c: 472 !57 = 26, 904 ;  d: 289 ! 77 = 22, 253  ] 

a. 25 !18    b. 153!25   

c. 472!57    d. 289 ! 77  
 

325 

46 
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3-71. Ethan was trying to show that 5(10+ 3)  is the same as 50+15 .  
Is he right?  Draw a diagram to demonstrate Ethan’s idea. 

                   [ Yes, see possible diagram at right. ] 
 
 a) 95 · 39 b) 124 · 34 
   
 
GC-27. 

 
Holly Anne has a flower garden with two planting beds.  She asked Chad and Scooter to 
help her find the total area of her garden.  Here is what they did: 
 

Chad's Method Scooter's Method 
 
4(5 + 2) (4 · 5) + (4 · 2) 
= 4 · 7 = 20 + 8 
= 28 = 28 

5!!!!!!!!!!!!!!2

4

+

 
 

 

a) Explain the steps that Chad did to solve the problem. 

b) Explain the steps that Scooter did to solve the problem. 

 
Area Models for Fractions 

Equivalent fractions, operations, solving 
GO-53. 

A way to show the effect of multiplying by  
3
3   is to start with a rectangle in which 

we have represented  
2
3   by shading two of the three parts.  

 

 Drawing the horizontal 
lines triples BOTH the 
total number of parts 
AND the number of 
shaded parts.    

 2
3   6

9  
 The second rectangle shows the effect of multiplying BOTH the numerator and the 

denominator of  23   by three, and the equation represents the relationship shown by 
the rectangles. 

2
3   ·  33   =  69  

 
a) Draw a rectangle like the first one on your 

paper and label it  23  . 

b) Draw another rectangle just like the one you 
drew in part (a) and then draw in horizontal lines to represent 

multiplying by  44  . 

c) Write an equation that represents the relationship between the 
two rectangles you drew. 

2

3
! 4
4

8

12
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GO-56. 

 

Now draw a rectangle to represent  35  , then draw in the number of 

lines needed to show multiplication by  44 . 

 

a) What fraction would represent the rectangle now?    

b) Would 35  still represent it?  Write an equation to show this relationship. 3
5

! 4
4

12
20  

 
GH-3. Today you will see how to create common denominators using drawings.  Below is a 

different way to picture the problem.  Notice how the second fraction, 
1
2  has been turned 

horizontally this time.   
 

 a) What fraction problem does this 
picture show?  

     

1

4

+

 

 b) Describe what has happened in the 
picture at right from the picture in 
part (a). 

      

+

 

 
c) The picture in (a) shows 

1
4  + 

1
2 .  What does the picture in (b) show?  Write the 

expression using a common denominator.   

 d) Which of the pictures at right show 
the correct solution to this 
problem? 
 

Fig. A Fig. B  
 
 
GH-4. Notice how the process of superimposing one fraction on the other allows us to see the 

common denominator.  In this problem the denominator is 12ths because there are now 12 
small rectangles.  Copy this example of how to add fractions using a drawing and fill in the 
missing amounts.   

 

+ =

+ =

+ =

1

3

7

4
23

12 12

1

4
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Model and practice more if needed. 
 
GH-5. The process for drawing subtraction problems with fractions is similar.  We will draw each 

fraction and then remove the second fractional amount from the first.   

a) Copy this example of how to subtract fractions using a drawing and fill in the missing 
amounts. 

 

 

– =

–

– =

1
4

5

4
28

12 12

2

3

(notice this is 3 
rectangles.)

(remove 3 
rectangles.)

=

 

b) Try this next one on your own.  Draw each fraction and remove the second fraction 
from the first. 

 

 

Ð =

Ð

Ð =

1
2

6 6

2
3 (remove      )6

3

 
 
GH-40. Howie has 5

8
 of pizza left over from last night's dinner.  He loves pizza and eats half of the left 

over 5
8

 the next day.  Draw a rectangle or use your unit rectangle resource page and follow the 
steps below to figure out how much of the original pizza Howie ate for breakfast. 

We want to know how much  1
2

  of  5
8   is.  Since he ate  12   of  58 ,  we need to draw the  58   

first.   Draw  5
8

  on your resource page using vertical lines and shade it lightly.  Label it  

“ 5
8

  left over pizza.” Using a horizontal line, divide the rectangle in half.  Darkly shade  
1

2
  of  5

8   and label it “Howie eats  1
2

.”      5
8  

 

d) Write an equation in the form 1
2  of 5

8  = _____. 
  

MULTIPLYING FRACTION S BY SHADING A RECTANGLE 
 

One way to model multiplying fractions is to shade a rectangle.  Here is an example 
of shading a rectangle to represent 1

3    of  2
5  or  1

3
 !  

2

5
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Step 1 Divide a rectangle into five sections (“fifths”). 
 (Notice that we draw the second number first.) 

 

 Step 2 Shade vertical sections to represent the second 
factor.  For this example, shade two sections 
for two-fifths. 

 

 

 Step 3 Divide the rectangle horizontally to show the 
denominator of the other factor.  In this 
example, divide it into three sections 
(“thirds”). 

 

 

 Step 4 Shade more darkly the fraction of the original 
amount.  For this example, shade one third of 
the two-fifths. 

 

 

 Step 5 The product's numerator is the number of 
squares which are double-shaded.  The 
denominator is the number of sections in the 
rectangle.  Then, write an equation to show the 
product:  1

3 !
2
5 =

2
15  .  Simplify or reduce the 

product. 

 

 

  

6-56. Grace and William were wondering if one half of a third would be the same as one third of a 
half. 

a. Draw a picture that shows one half of one third.   
[ This is equivalent to one sixth. ] 

b. Draw a picture that shows one third of one half.   
[ This is also equivalent to one sixth. ] 

c. Write a note to Grace and William explaining how these two values compare and why 
the result makes sense.  [ Justifications will vary, but students may say that it is the 
same thing as 2 times 3 being equal to 3 times 2, which is the Commutative 
Property of Multiplication.  ] 

 
6-64. Each of the pairs of diagrams shows a first and second step that could be used to represent a 

multiplication problem.  For each pair, write a multiplication problem and its solution.  Be 
prepared to share your ideas with the class.  [ b: 3

4 !
5
6 =

15
24 ;  d: 1

4
! 7
6

= 7

24
 ]  

 

b.  
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d.  
 
 
 
 
 

GH-53. Ronna is making a small flower bed in an area that is 1
1
2   by  1

1
2   feet.  She needs to find the 

area so she can buy weed cloth.   
 
 Draw the rectangle shown below on your paper.  Follow steps (a) through (d). 

 
a) Label the top and side 1 and  

1
2   feet as shown.  

b) Write the area in each of the four parts of the 
drawing and find the total area.   

c) Write an equation that represents the sum of the four 
areas.    

d) Compare your answer and equation to those of your  
partner.  Did you have the same answer?  Did you have the same equations?  

1

+

1 +

1
2

1
2

 
 

 

 
 

 
 

GH-54. Using the process shown above, find the area of Ronna’s flower bed if the dimensions are  2 
1
2   by  1 

1
2 .  Clearly label all fractions.   

 
6-77. In the previous problem, you multiplied two mixed numbers using a generic rectangle.  For 

each of the generic rectangles below: 

¥ Write the two numbers that are being multiplied, that is, the length and width of the 
rectangle. 

¥ Copy the rectangle on your paper and use it to multiply the given numbers. 

¥ Write each answer as a complete multiplication sentence.  (An example of 
a multiplication sentence from problem 6-76 would be 1 1

2
!1 1
2
= 1+

1

2
+
1

2
+
1

4
= 2

1

4
.)   

[ a: 2 1
3 !1 1

3 = 2+ 1
3 +

2
3 +

1
9 = 3 1

9 ,  b: 4 1
2 !2 1

4 = 8 + 1+ 1+ 1
8 = 10 1

8  ] 

a.                           b.  

 

 
 
 

 

4 1

2

 

1

4

 

2 

2 

1 

1

3
 

1

3
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8-101. Phillip thinks there is a pattern that can help him find how many pieces of pie he will get 
without a diagram.  To help look for patterns, he started thinking about some new situations 
shown below and represented them in words, symbols, and with a diagram.  Some of his 
work is missing.  For each part, 

¥ Fill in any missing representations. 

¥ Find the answer to the division problem and answer the question.   
[ a: 6;  b: 3Ö 1

4
= 12 ;  c: Students should draw a diagram that has 5 wholes, where 

each whole is subdivided into 2 congruent parts, 5Ö 1

2
= 10 ;  d: ÒHow many one-

thirds are there in 5?Ó, diagram should have 5 wholes, divided into three congruent 
parts; 15 ]  

a. Words:   How many half dollars make $3? 

 Symbols:   3 ÷
1

2
 

 Diagram: 
 

b. Words:   How many quarters make $3? 

 Symbols:  

 Diagram: 
 

c. Words:   How many half-hour TV shows fit in a 5-hour time slot? 

 Symbols: 

 Diagram:   

d. Words:   

 Symbols:   5 ÷
1

3
 

 Diagram:   
8-102. Sala is building a dollhouse for her cousin.  She needs boards that are each 3

4  of a foot long.  
She called the store and found that the lumber she needs is sold only in lengths of eight feet.  
She laid a tape measure next to her board and drew the diagram below.  The diagram is also 
available on the Lesson 8.4.1 Resource Page. 

 
 
 

a. Work with your team to figure out how many of her -foot boards she can cut from an eight-foot length piece of wood?  Be prepared to explain how you got your answer.  [ She will be able to cut 10 boards with some left over. ] 

b. After she cuts her boards, how much of a -foot board will be left over?  Show how you know.  [ There will be  of a foot left, which is  of . ] 

c. How can this situation be represented with division?  [ 8 ÷ 3

4
= 10 2

3
 ] 

 

1 ft 7 ft 6 ft 5 ft 4 ft 3 ft 2 ft 8 ft 
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8-103. The previous problems in this lesson all involved dividing by a number less than one.  
Discuss with your team why dividing by a number less than one results in an answer greater 
than one.  Be sure to include a clear explanation in your answer.  [ Dividing by a number 
less than one asks, ÒHow many portions of a whole are in the number that is divided?Ó, 
so the number of portions will be greater than the number that the fraction divided. ] 

 
CT-32. Use the given diagrams to find  x  in parts (a) and (b). 
 
 

a) x =  
1
2   ÷  

1
4      

 
 x  indicates how many fourths there 

are in one half. 
 

 
1
2

1

4

 
  

b) x =  
3
2   ÷  

1
4      

 
 x  tells us how many fourths there are 

in three halves. 
 

1
2

1
4

1
2

1
2  

8-113. The diagram below can be used to calculate 3
4
÷
3

8
.  (This sort of a diagram is often referred 

to as a linear model.) 
 
 
 
 
 
 
 
 
 Work with your team to make sense of this model.  Be prepared to explain how this model 

works and how you can see the answer in this model.  [ There are two groups of three-
eighths in 3

4
 of a whole. ] 

 
 

8-114. Work with your team to make sense of the quotient 7
8 ÷

1
2  by answering the questions below. 

a. Use a linear model to show the solution for 7
8

Ö1

2
.  

[ There are 1 3

4
halves in 7

8  of a whole.  See diagram 
at right.  ] 

b. Dria drew a diagram to divide 7
8
÷
1

2
 and wrote down the 

answer 1 3
8

.  Work with your team to explain Dria’s 
mistake.  [ The three parts that remain are 3

8
 of the whole, but 34  of a half.  Since 

we are finding how many halves fit into 7
8

, the answer is 1 3
4  halves. ] 

c. Ahmal has a new idea.  “Look,” he says.  “Since 1
2

 is the same as 4
8

, this problem is the 
same as 7

8
÷
4

8
.  So really, it’s the same as dividing 7 pieces into groups of 4 of the same 

sized pieces, right?  So isn’t that just 7Ö4 ?”  What do you think?  Does Ahmal’s idea 
work?  Why does it make sense?  [ It does work; explanations vary. ] 

0 1 

3

4
 

1

8
 1

8
 1

8  1

8
 1

8
 1

8  

7

8
 

1

2
 3

8  
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8-115. Ahmal’s method from part (c) of problem 8-114 changed the fractions in the problem so that 

they were written with common denominators.  Use his method to find each of the following 
quotients.  Then choose one part and draw a diagram to show that your answer is correct.  
[ a: 5

6
÷ 1

3
= 5

6
÷ 2

6
= 5 ÷ 2 = 2 1

2
,  b: 12

5
Ö 3

10
= 24

10
Ö 3

10
= 24Ö3 = 8 ,  

c: 3
4
÷ 7

12
= 9

12
÷ 7

12
= 9 ÷ 7 = 1 2

7
,  d: 5

4
÷ 2

3
= 15

12
÷ 8

12
= 15 ÷ 8 = 1 7

8
 ] 

a. 5
6 Ö1

3  b. 12

5
÷
3

10
  c. 3

4
÷
7

12
  d. 5

4
÷
2

3
 

 
 
7-110. TRAIL TO THE TREASURE OF TRAGON 
 
 The Treasure of Tragon lies somewhere in the wilderness around the ruins of the ancient city 

of Tragon.  Two scrolls have been discovered and hold the clues you need to find the 
treasure!  The scrolls are shown below.  Archeologists have figured out that ■ represents 1 
mile on the map.   

 
 Your task:  Obtain a map of the region (on the Lesson 7.3.2 Resource Page) from your 

teacher.  With your team, use the clues below to decipher the message and draw the correct 
path on your map.  Notice that your starting point is clearly marked on the resource page.  
Your teacher will use a secret map to check your progress periodically.  Be careful not to get 
lost in the Monstrous Mountains, fall into Crocodile Creek, wander into the Lion’s Lair, or 
sink into the Slithery Sands!  [ = 1

3
 mile,  = 5

6
 mile,   = 2 1

2
 mile,  ❃= 1 1

2
 mile,  

= 1

2
 mile,  = 4

5
 mile;  Directions: Move north 1 2

3
 miles, west 3 1

3
 miles, south 2 4

5  
miles, and 1 7

10  miles east. ] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

To Find the Treasure:  

1. Start at the . 

2. Move north  ■ + ■ –  

3. Move west   +  

4. Move  +  + ❃ south 

5. Move  –  east and dig! 

Clues : 

A.   =  –  + ■ + ■ 

B.  –  +  = ❃ + ❃  

C. ■ =  +  +  

D.  +  = ❃ –  +  

E.  +   =  +  + ■ 

F.  +  +  +  +  =  + ❃  
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Solving for x 
 
CT-86. Write the equation for each of the following fraction bar models.  Find  x. 
 

 a)  

x

45  

b) 1

5
x  

x

32  
 
 

Proportions 
 
JM-48. Here is a graphical look at proportions and percents.  Copy and complete the table 
 
 Picture Problem in Words/Proportion Answer 
  

100%

0%

20

15

0

n%

 

 
What percent of 20 is 15? 

 

=
15 part

20 whole

n part

100% whole  

 
 
 

___% 
 
 

  
100%

0%

30

24

0

n%

 

 
 

=  
 
 

 
 
 

___ 
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JM-63. Here is a graphical look at proportions and percents.  Copy and complete the table. 
 
 Picture Problem in Words/Proportion Answer 
  

100%

0%

40

n

0

55%

 

 
What is 55% of 40? 
 

=
 

 
 
 

___ 
 
 

  
100%

0%

80

50

0

n%

 

 
 
  

 
 

___ 
 
 

 
 
5-41. Sam’s Discount Shoes is having a 40%-off sale.   

a. Use the percent ruler at right to find how much Lorna will save on her 
purchase of $80 professional basketball shoes.  [ $32 ] 

b. What will she pay for the shoes?  [ $48 ] 
 
 
5-79. The local theater is raising ticket prices by 20%. 

a. If the current youth-ticket price is $7.50, use the percent ruler at right to 
find out how much more youth tickets will cost.  [ $1.50 ] 

b. What will be the new youth-ticket price?  [ $9 ] 
 

0% 

100% $? 

$0 

20% 

40% 

60% 

80% 
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Modeling Percents and Decimals 
 
4-90. BUILD IT, DRAW IT, WRITE IT, SAY IT 
 
 Earlier, you used the 100-block to represent the number 100.  

For your work now, you will use this block to represent a 
whole, which you can also write as 100%.  It will be referred to 
as the 100% block.  For example, 50% or 1

2
 can be 

represented by the diagram at right.  
 
Obtain a set of Base Ten Blocks and a copy of the 100% Block Paper Resource Page from 
your teacher.  For each of the portions listed below:  [ Answers vary.   
Sample answers: a: 11

100 , 11%, 0.11, eleven percent, eleven hundredths; b: Students will 
need 2 columns (or equivalent) of the 100% block covered, 20%, 20

100
, 2
10

, 1
5 , 0.2, 0.20, 

twenty percent, two tenths, one fifth, twenty out of one hundred total pieces;  c: 80%, 
0.8, 0.80, 80

100
, 8
10

, 4
5 , eighty percent, eight tenths;  d: The students will need to use 1.5 

100% blocks, 1.5, 150
100

, 15
10

, 3
2

, one hundred fifty out of 100 total parts, one and one half, 
one hundred fifty percent ] 

 
¥ Build  the portion on a 100% block. 

¥ Draw a diagram of the portion on your resource page. 

¥ Write  the portion in at least two different equivalent representations. 

¥ Write out how you could say the portion two different ways.   
 

a.    b. 2

10
 

 

 

 

c. 80 pieces out of 100 total pieces d. 150% 
 
4-91. Harold built a number on a 100% block.  He said, “My 100% block has 1-tenth and 4-

hundredths on it.”  

a. Draw a picture of what Harold’s 100% block might look like.  Is there more than one 
way to show it?  Write the portion shown on Harold’s 100% block as a percent.  [ The 
tenth block and the 4 hundredths blocks could be placed in various locations, but 
would still represent 14%. ] 

b. Write the portion on Harold’s 100% block as a single fraction.  [ 14
100

 ] 

c. How could you describe Harold’s number in words?  [ Sample answers: Òfourteen 
hundredthsÓ or Òone tenth and four hundredthsÓ ] 
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4-92. Erik and Tate cannot agree on the amount shaded on the 100% block 
shown at right.  Erik says, “It shows 2-tenths of the 100% block… 
and 3-hundredths of the block,” while Tate says, “It shows 23-
hundredths of the whole block.”  

a. What would you tell Tate and Erik?  Justify your response with 
words and pictures.  [ They are describing the same portion.  
2-tenths are the same as 20-hundredths.  One way for 
students to show that is that two ÒtenthsÓ can be built 
with 20 ÒhundredthsÓ pieces. ] 

b. Another representation for the number shown on the 100% block above is a decimal, 
which would be written as 0.23.  Compare this number to how Erik and Tate described 
the value.  What similarities do you notice?  [ The 2 represents the number of 
ÒtenthsÓ and the 3 represents the number of Òhundredths.Ó ] 

 
4-93. If 0.23 can be represented with 2-tenths and 3-hundredths, how can the number 0.19 be 

represented?  What about 0.5?  Get a 100% Block Paper Resource Page and draw a picture of 
each of these numbers on the 100% block diagrams.  [ 0.19 is represented with 1-tenth and 
9-hundredths (or 19-hundredths); 0.5 is represented with 5-tenths (or 50-hundredths). ] 

 
4-94. Today you used 100% blocks to help connect percents and decimals.  [ a: 10%, 1%;  

b: 0.10, 0.01;  c: a 1-thousandth block would be one-tenth of a 1-hundredth block, so 
that 10 of them would fit  in one of the small squares. ] 

a. If   represents 100%, what do       and       represent? 

 

 

 

b. If   represents 1, what do       and       represent? 

 

 
 

c. Based on your pictures above, imagine what a 1-thousandth block might look like.  How 
would it compare in size to the other three blocks?  Explain.   

 
4-95. Work with your team and use diagrams to decide which portion in each pair is greater.  Use 

the remaining 100% blocks on your resource page to draw your diagrams.  Be prepared to 
explain why your answers are correct. 

a. 0.3 and 0.09 b. 2

10
 and 0.21 c. 0.30 and 1

3
 

d. 110% and 0.11 e. 3% and 3

100
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4-96. The following representations have been drawn to represent portions of a 100% block.  Write 
each of the portions in at least two different forms.  [ a: 5

100  or 0.05,  b: 75
100

 or 0.75 ] 

a.    b.  

 

 
 
 
 
4-102. Jessa was working with a percent ruler, when she had an idea.  “Can’t we use this idea for 

any representation of a portion?” she asked.   
 

 Discuss this idea with your team.  Then decide how to label each end of the ruler (the 0% end 
and the 100% end) if it is being used to measure fractions or decimals.   

 

 Then draw a large percent ruler on your paper and mark each of the following portions on the 
ruler.  [ Possible answers include: for fractions, 0 and 2

2
 or 10

10  or 100
100

;  for decimals, 0.0 
and 1.0;  See percent ruler below right. ] 

a. 80%   b. 4

10
 

c. 40%   d. 99-hundredths 

e. 100%   f.  9-tenths 

g. 4-tenths and 9-hundredths h.  10-hundredths 

i. 25 out of 100   j. 10-tenths 
 
 
 
4-103. a.  Rewrite 150% as a decimal.  [ 1.5 ] 

b. If the picture at right represents 150%, which part 
of the picture represents a whole 100%, or the 
number 1?  [ Each large square represents a 
whole. ] 

c. What part of the picture does the number to the left of the decimal point describe?  
What does the number to the right of the decimal point describe about the picture?  
[ The 1 to the left of the decimal point represents the one whole that is entirely 
shaded.  The 5 in the tenths place represents the portion of the whole that is only 
half shaded. ] 

 
4-104. Use the 100% block and other pieces obtained from your teacher to cover 75% of a 100% 

block.   

a. Shade a representation of your blocks on your 100% Block Paper Resource Page 
provided by your teacher.  [ The diagram should have 75-hundredths shaded in. ] 

b. Write 75% as a decimal.  Explain how each digit in the decimal relates to the block 
diagram.  [ The 7 in the tenths place represents the maximum number of tenths 
blocks that can be used to build 75%; The 5 in the hundredths place represents the 
remaining 5 one-hundredths blocks. ] 

0% 

(a) 

(b)(c) 

(d) (e)(j) 
(f) 

(g) 

(h) 

(i) 
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c. Explain why it makes sense that “75-hundredths” is another name for this portion.  
[ Because the 7-tenths could be replaced by 70-hundredths, which would make a 
total of 75-hundredths. ] 

 
4-105. Use the diagram of 2

5
 at right to make sense of the following 

questions.   

a. Describe what 2
5

 would look like if it were built on a 100% 
block.  What are the largest pieces you could use?  How many 
of these pieces would it take to build the portion?  [ It would 
take 4 tenths pieces. ] 

b. Write 2
5

 as a fraction with a denominator of 10 and with a denominator of 100.  In other 
words, 2

5
=
10

?  2
5
=
100

?  [ 4
10

, 40
100  ] 

c. How could 2
5

 be written as a decimal?  How is the decimal notation related to the 100% 
block diagram that you described in part (a)?  [ 0.4 or 0.40;  The 4 is in the tenths 
place, which matches the number of tenths pieces in the representation. ] 

d. What is another name for the decimal representation of 2
5

?  Explain how the name 
relates to the 100% block.  [ Four-tenths or 40-hundredths. ] 

 
 
4-107. Jonah began to wonder about other representations of 

numbers on the 100% block.  He calls the figure at right 
“12 and a half-hundredths.”  Use his drawing to help 
answer the following questions.  [ a: 12.5%,  
b: 12.5

100  or 125
1000  or 1.25

10
,  c: 0.125 ]   

a. How could this be expressed as a percent?   

b.   What fraction of an entire 100% block is shaded?  Is there more than one way to write 
this fraction?  Can you express this in more than one way?   

c. How could this number be written as a decimal?   
 
4-114. Jenny was trying to decide which is greater: 0.7  or  0.37.  She asked, “37 is more than 7.  So 

does that mean that 0.37 is greater than 0.7?”  Investigate her question.  Represent both 
numbers with blocks, in words, and as percents.  Then explain which is greater and show 
how you know.  [ 0.7 is 7-tenths or 70%, while 0.37 is only 3-tenths and 7-hundredths or 
37%.  Therefore, 0.7 is greater. ] 

 
4-115. Sometimes it is easier to compare portions when they are written in a particular form.  For 

example, 0.7 and 0.37 can be compared more easily when both are drawn on a 100% block 
or are in percent form.  In this problem, your team will move around the representations web 
and find ways to change each representation into each of the others.  For each portion of a 
whole described below:  [ a: 0.41, 41%, 41

100
;  b: 5-tenths and 6-hundredths (or 

56-hundredths), 56%, 56
100 ;  c: 0.84, 84%, 8-tenths and 4-hundredths (or 84-

hundredths);  d: 0.03, 3-hundredths, 3
100 ;  e: See number line below.  f: Answers vary. ] 

¥ Build  the portion on top of a 100% block. 
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¥ Draw the representation on your resource page. 

¥ Write  the portion as a percent, fraction, decimal, and as a description in words. 

a. 4-tenths and 1-hundredth b. 0.56 

c. 21

25
   d. 3% 

e. Place each of the portions described in parts (a) through (d) above on a number line 
between 0 and 1 that is marked in tenths. 

f. Which representation (fraction, decimal, or percent) is most convenient to use when 
placing values on a 0 to 1 number line?  Explain your choice. 

 
 
 
 
 

Multiplying Decimals and Percents 
 
GH-113. Use a generic rectangle drawing to multiply  2.3 á 1.4. 

 a) Draw and label the four sections as 
shown at the right. 

b) Fill in the areas of the 
subproblems.   c) Write 
either an equation or a column of 
added figures to find the total area.   

1

0.4

+

+2 0.3

 

d) Did your rule from problem GH-110 (e) hold true for decimal multiplication with 
numbers greater than one?    

 
 
GH-107. Howard went to the mall and saw a banner 

announcing, "ALL SPORTING GOODS: ONE-
TENTH OFF!"  He saw a pair of roller blade laces for 
$0.40.  He wanted to find out how much money 
would be deducted from the $0.40 price.  He knew 
that 0.40 equals 0.4 so he asked himself, "How much 
is 1

10
 of  

4

10
?" 

a) On your resource page of hundredths grids,  

lightly shade and label 0.4 or  4
10  vertically, as shown. 

b) Now, shading in the other direction , 
darkly label 1

10
of

4

10
 as shown above, 

right.  What is the fraction of the grid that 

 
 
 
 
 
 
 

0.4
0.1

0.4  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

(d) (a) (b) (c) 
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is darkly shaded?  Do not reduce.  What 
is the decimal of the grid that is shaded?    

4
100c) Write a fraction equation for 
this process.    
 

d) Write a decimal equation for this process using the same form. 

e) How much money will Howard save with the laces on sale?    
 
GH-108. While in the sporting goods store, Howard found some new running shoes that weigh seven tenths 

(or 70%) of the amount of his old running shoes.  His old shoes weigh 0.8 kg.  He asked himself, 
"How much is  0.7 of 0.8?" 

a) On a hundredths grid, lightly shade  0.8  in one direction as 
shown at the right and then finish the drawing by darkly 
shading   0.7 of it in the other direction.   

b) Write a fraction equation for this problem.  Label the 
answer with proper units.     

0.8  

c) Write a decimal equation for this problem.  Label the answer with proper units. 

d) Is your answer more or less than the old shoes’ weight?    
 

Probability  
 
JM-40. Josiah’s father likes to make games to play with Josiah.  The newest game is called Boxed 

Marbles.  There are two purple marbles and one green one sealed inside a box with a small 
window in one corner.  Two players, one designated “same” and the other designated 
“different,” take turns shaking the box and looking to see which color marble shows up in the 
window.  If the same color shows up twice in a row, the “same” player gets a point.  If there 
are two different colors, the “different” player gets a point.  The first player to earn ten points 
is the winner.   

a) Decide with your partner who will play “same” and who will play as “different.”  Play 
Boxed Marbles with your partner until one of you wins.  Record the results of each 
shake in your notes by this problem number.   

b) Who won? “Same” or “Different”?  

c) Do you think “Same” or “Different” has an advantage or are they equally likely?   
 
 
JM-41. Josiah and his father are going to play “Boxed Marbles” tonight.  The loser has to wash all 

the dishes the next day.  Knowing the stakes, Josiah wants to try and figure out whether 
“same” or “different” has an advantage.    
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a)  
 
 
 
 
 
 
 
 b) 

Josiah decided to look at this problem by 
making a table.   He uses the letter G for the 
green marble and P for the purple marbles.   
Why did Josiah label one side of his table “First 
Shake” and the other side “Second Shake”?  
Explain.  
Why did Josiah put in so many P’s?  Explain. 

G

P

P

G

P P

F
irs

t S
ha

ke

Second Shake

 

c) Complete Josiah’s table. 

d) Knowing each square is equally likely, what is 
the probability of winning if you play as 
“same”?  P(same) =  

e) What is the probability of winning if you play as 
“different”?  P(different) = 

G

P

P

G

P P

F
irs

t S
ha

ke

Second Shake

GG

PP

GP

PG

 

f) Should Josiah choose to be the “same” winner or the “different” winner?  
Explain.  

 
 
 
JM-42. 
 

 

Josiah’s best friend Antonio comes over and sees Josiah’s 
table.  Antonio says, “Josiah, you’ve done it wrong.  Use 
generic rectangles.  There are only two colors, so it doesn’t 
matter whether you play ‘same’ or not.  They win the same 
amount of time.”  

a) Fill in Antonio’s table. 

b) What are the differences between the two tables? 

G

P

G

P
F

ir
s
t 

S
h
a
k
e

Second Shake

 

c) According to Antonio’s table, what is the probability of winning if you play as 
“same”?   

d) According to Antonio’s table, what is the probability of winning if you play as 
“different”?    

e) Which table is correct if you use two purple marbles and only one green marble?  
Why?  
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JM-43. Josiah’s father walks in and overhears the debate.  
When he looks at Antonio’s table he says, “We 
can use your table accurately if we fill in the table 
with fractions, similar to a generic rectangle.” 
Josiah’s dad changed the table as shown. 

a) Why did Josiah’s Dad write 13  next to the 
two G’s?  

 

G

P

G

P

F
irs

t S
ha

ke

Second Shake

1
9

GG

4

9

2

9

2

9
GP

PG PP

1
3

1
3

2
3

2
3

 

 b) Why did Josiah’s Dad write 23  next to the two P’s?  

c) Write a complete sentence to explain each of the fractions inside the boxes in this new 
table.   

d) According to this table, should Josiah play “same” or “different”?  Why? 

e) Does Josiah’s table in JM-41 agree with his Dad’s table in this problem?  Explain. 
 
PM-26. PENCILS AND ERASERS 

AGAIN  
 
There are two red, one blue, and 
three yellow pencils and one 
yellow and two red erasers in a 

 box. Show and explain how you could use 
this area diagram to  

 

 figure out the probabilities for all the pencil-eraser color pairs.  What is the probability of 
getting the yellow pencil and red eraser combination? 

 

 
erasers

p
en
ci
ls

R1 R2 Y1

Y1

Y2

Y3

R1

R2

B

1
18
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PM-27. The area diagram at right could be used to 

represent the probabilities in the 
pencil/eraser problem.  Explain how it is 
related to the one in the preceding 
problem. 

 
 

 
 
 
 

p(Y) =  12  
 
 

p(R) =  13  
 

p(B) =  16  

    p(R) = 23         p(Y) = 13  

3
1_

 

 
Distributive Property  

 
KF-55.   GROUPING WITH ALGEBRA TILES 

In order to develop good algebraic skills, we must first establish how to work with our Algebra 
Tiles.  If you have never used algebra tiles, the large square is x2, the small square is one and 
the long rectangle is x. When we group rectangles and small squares together, as in the examples 
below, we read and write the number of rows first, and the contents of the row second. “3x” means 
three rows of x.  
 
For example, all three figures below contain three rectangles and twelve small squares. The 
total area is 3x + 12, as shown in Figure A. In Figure B, the rectangles are grouped, forming 
3 rows of x, written as 3(x). Three rows of four small squares are also a group, written as 
3(4). 
 
In Figure C, notice that each row contains a rectangle and four small squares, (x + 4). 
Since three of these rows are represented, we write this as 3(x + 4).  
 

 
 

Figure A 
3x + 12 

Total Area 
 

 
 

Figure B 
3(x) + 3(4) 

3 rows of x and 
3 rows of 4 

 
 

Figure C 
3(x + 4) 

3 rows of (x + 4) 

  

Write down your observations of the different ways to group 3x + 12. 
 

Multiplying Polynomials  
 
WR-66. Write the area as a sum and as a product. 

a) 8 5

6

10
 

c) x      +     5

3x
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b) x      +    4

2
 

d) Find the perimeters of the three 
rectangles above. 

    
 

Example:

x 4

x

1
+

+

product sum
(x + 1)(x + 4) =  x2 + 5x + 4

x

1

x2 x

1

x x

x 1 1

x

+
1

x   +   4

x

1

 
 
a) x      +   3

x

+

5
 

b) 

x

+

4

x      +  2

 

c) 

x

x    +    6

 

      
      
 
 
WR-71.   We can make our work drawing tiled rectangles easier by not filling in the whole picture. 

That is, we can show a generic rectangle by using an outline instead of drawing in all the 
dividing lines for the rectangular tiles and unit squares. For example, we can represent the 
rectangle whose dimensions are x + 1 by x + 2 with the generic rectangle shown below: 

 

x 2

x

1
+

+ x 2

x

1

x2 2x

x 2

+

+

x 2

x

1
+

+

area as a product area as a sum

(x + 1)(x + 2) = x2 + 2x + 1x + 2 =x2 + 3x + 2  
 
 In the last step we found the area of each of the parts of the generic rectangle (the four interior 

rectangles) by multiplying each length and width, and then recorded the area of each part as a 
sum. 

 
       >>Problem continues on the next page.>> 
 Complete each of the following generic rectangles without drawing in all the dividing lines 

for the rectangular tiles and unit squares. Then find and record the area of the large rectangle 
as the sum of its parts. Write an equation for each completed generic rectangle in the form: 

 

area as a product  =  area as a sum. 
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x      +  3

x

+

5

a)
x      +   7

x

+
3

b)
2x              +  1

x

Hint:  This one has 
only two parts.

c)

 
d)

x       +    5

x

+

2

5

x           +    6
e) f)

2x              +  3

x

+

1
 

 
 

 

 
 
 
 

Factoring 
 
AP-3.  Write an algebraic equation for the area of each of the following rectangles as shown in the 

example below. 

1 1
1

x
2

+ 5x + 6(x + 3)(x + 2) =

Example: x      +   3

x 

+ 
2

x
x

x x

1 1

x

1

x2

product sum
 

 

a) 

 

c) 

 

e) 

 

      
 

FACTORING QUADRATICS  
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Yesterday, you solved problems in the form of (length)(width) = area. Today we 
will be working backwards from the area and find the dimensions. This is called 
FACTORING QUADRATICS.  
 
Using this fact, you can show that x2 + 5x + 6 = (x + 3)(x + 2) because 

x 
+ 
2

x + 3

x
x

x x

1 1 1
1 1

x

1

x              +            5x         +       6           =             (x + 2)(x + 3)            2

= x2

 
  area as a sum   area as a product 

 
  Use your tiles and arrange each of the areas below into a rectangle as shown in AP-2, AP-

3, and the example above. Make a drawing to represent each equation.  Label each part to 
show why the following equations are true. Write the area equation below each of your 
drawings. 

a) x2 + 7x + 6 = (x + 6)(x + 1) c) x2 + 3x + 2 = (x + 2)(x + 1) 

b) x2 + 4x + 4 = (x + 2)(x + 2)  d) 2x2 + 5x + 3 = (2x + 3)(x + 1) 
 
2-80. Each of the four diamonds below contains the same number pattern.  Can you figure out what 

that pattern is?  [ The two side numbers multiply to give the top number and add to give 
the bottom number. ] 

 

       
 
 
 
 Now use the pattern you found to copy and complete each of the Diamond Problems below.  

[ See answers in bold in the diamonds below. ]  

a.  b.  c.  d.  
 
 
 
 
 

7 

7 1 
8 

24 

3 8 
11 

18 
3 6 

9 

84 
12 7 

19 

12 
3 4 

7 

15 
5 3 

8 

6 
2 3 

5 

4 
4 1 

5 
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 EXTENDING FACTORING  
 

In earlier units we used Diamond Problems to help factor sums like  x2 + 6x + 8. 
 

2 4

6

8
x2 4x

2x 8

x2 4x

2x 8

x   +   4

x
+
2

(x + 4)(x + 2)

 
 

We can modify the diamond method slightly to factor problems that are a little 
different in that they no longer have a “1” in front of the x2.  For example, factor: 

2x   + 7x + 3
2

6

7

? ?

6

7

6 1
2x 6x

1x 3

2 2x 6x

1x 3

22x
+
1

x + 3

multiply

(2x + 1)(x + 3)

 
 

 Try this problem:  5x2 - 13x + 6. 

? ?

2 ?

?

? ?
30

-13 6

5x
5x

-3
(5x - 3)(   ?   )

 
 

 
YS-2. Factor each of the following quadratics using the modified diamond procedure.  

a) 3x2 + 7x + 2    d) x2 - 4x - 45  

b) 3x2 + x - 2    e) 5x2 + 13x + 6  
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COMPLETIN G THE SQUARE 
 

In problem RS-58, we added tiles to form a square. This changed the value of the 
original polynomial. However, by using a neutral field, we can take any number 
of tiles and create a square without changing the value of the original expression. 
This technique is called COMPLETING THE SQUARE . For example, start 
with the polynomial: x2 + 8x + 12: 

  
x2 x x x x x x x x 1 1 1 1 1 1

1 1 1 1 1 1  
 

First, put these tiles together in the 
usual arrangement and you can see a  
“square that needs completing.” 

a) How many small squares are 
needed to complete this square? 
 

x

xx

+

+

4

4

2

 
 

b) Draw a neutral field beside the 
tiles. Does this neutral field affect 
the value of our tiles?The 
equation now reads: 

x2 + 8x + 12  +  0 

c) To complete the square, we are 
going to need to move tiles from 
the neutral field to the square. 
When we take the necessary four 
positive tiles that complete the 
square, what is the value of the 
formerly neutral field?  

(x
2
+ 8x + 12 + 4)   +  ( ! 4)

 complete  square    neutral  field
 

d) Combining like terms, 

x2 + 8x + 16 +  - 4 

e) Factoring the trinomial square, 

(x + 4)2 - 4 

So,  x2 + 8x + 12  =  (x + 4)2 - 4 
 

`

x

xx

+

+

4

4

2
Neutral Field

x

xx

+

+

4

4

2
Neutral Field

x

xx

+

+

4

4

2
Neutral Field

Adjusted

Net change to
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RS-68. You noted in problem RS-66 that parts (c) and (d) were the same equation in different forms. 
Completing the square is used to transform quadratic equations like x2 + 8x + 12 = 0 into 
perfect squares like (x + 4)2 - 4 = 0 and then into (x + 4)2 = 4. Once the square is completed, 
we can solve by taking the square root of both sides. Complete the square and solve for x in 
each part below.  

a) x2 + 10x + 21  = 0 c) x2 + 4x + 3  =  0 

b) x2 - 2x   = 0 d) x2 - 8x  =  - 7 
 
 

Division of Polynomials 
 
ACT-29. Use a generic rectangle to multiply 

 

(x + 2)(3x ! 5) .   

a. What is (3x2
+ x ! 10) ÷ (x + 2) ?  How do you know?   

b. Likewise, determine (3x2
+ x !10) ÷ (3x ! 5) .   

 
 
ACT-30. Now consider the problem (2x2 +11x +12)Ö(x + 4) .  How can 

you use a generic rectangle to find this quotient (the result of 
division)?  With your team, find a way to complete the generic 
rectangle set up for you at right.  As you work, answer the 
questions below in any order to help you make sense of the 
process. 

¥ Why are the terms x  and 4 placed outside the generic rectangle, while the term 2x2  was 
placed inside the rectangle?   

¥ What is the quotient?  That is, what is (2x2 +11x +12) Ö(x + 4)?   

¥ How can you verify your solution?   
 
ACT-31. What if the expression in problem ACT-30 were instead (2x2 +11x +13)Ö(x + 4) ?   

a. How would that change your result?  Discuss this with your team and be ready to share 
your conjecture (educated guess) with the class.   

b. Now predict the result for (2x2 +11x +10)Ö(x + 4) .  Then, as a class, find a way to 
verify your prediction. 

 
ACT-32. Find each quotient below.  Verify your work.   

a. 4x2 +4x!35
2x+7    b. (10x3 +13x2 ! 3x) Ö(5x ! 1)  

c. (3m2 + 20m+10) ÷ (3m+ 2)  d. (9x2 ! 3x +1) Ö(3x)  
  
 
 

4

x 2x2
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    ETHODS AND MEANINGS  
M

A
T

H
 N

O
T

E
S
 Dividing Polynomials 

 
In Chapter 5, you developed a strategy to multiply polynomials. To 

divide polynomials, such as dividing (3x2 + 31x + 41)  by (x + 9)  you 
must reverse the process.   

Two strategies for dividing polynomials are demonstrated below.   

Using a Generic Rectangle: Using Long Division: 

  

 

 

 

 

 

 

 

 

 

Thus, (3x2 + 31x + 41)Ö(x + 9) = (3x + 4)  with remainder 5 or 3x + 4 + 5

x+9 . 
 

 
 
ACT-33. Use the strategies that you developed in this lesson to divide the following polynomials.   

a. (x2 + 6x !16) ÷ (x ! 2)  b. (x2 + 6x ! 14)Ö(x ! 2)  

c. (3n2 +10n + 7)Ö(3n +1)  d. y2!9y+14
y!3  

Use the generic rectangle method for the following problems. 

a) Divide  2x3 + x2 - 19x + 36  by  (x + 4).   b) Divide  x4 - x3 - 11x2 - 5x + 4  by  
x2 + 2x - 1.    

Result:  (3x + 4)  with remainder 5 

9

x 3x2

3x

27x

(3x2 + 31x + 41) ÷ (x + 9)

4

36

4x
5

remainder 

x + 9 3x2 + 31x + 41
3x2 + 27x

!!!!!!!!!!!4x + 41
!!!!!!!!!!!4x + 36

!!!!!!!!!!!!!!!!!!!!!5

3x!!+!!4!!!!!!!!!!

(3x2 + 31x + 41) ÷ (x + 9)

remainder: 
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Base Ten Blocks 
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Base Ten Blocks 
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Lesson 4.3.1B Resource Page 
 

Percent Ruler 

100 % 

50 % 

0 % 
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Lesson 4.3.2B Resource Page 
 

100% Block Paper 
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Lesson 7.3.2B Resource Page 
 

 

Start 

1 2 
 

3 
 

4 
3 map scale 

N 
 

S 
 

E 
 

W 
 

Treasure 
X 

mile 

Possible 
alternate route 
(7-107) 
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