INVESTIGATIONS AND FUNCTIONS 1116115

This opening section introduces the students to many of thebig ideas of Algebra 2, aswell as
different ways of thinking and variousproblem solving strategies. Students are aso introducd
to ther graphing calculators. They aso learn the appropriate use of the graphing tool, so tha
time is notwasted usng it when a problem can be solved more efficiently by hand. Not only are
students working on chdlenging, interesting problems, they are also reviewing topics from
earlier math courses such as graphing, trigononetric ratios and solving equaions They aso
practice algebraic manipulationsby entering values into fundion machines and calculating each
output. For further information see the Math Notes boxes following problems 1-2 on page6,
1-12onpagell, 1-34 on page 18, and 1-46 on page 23.

Example 1

Talula@ fundion machine at right shows itsinna QvorkingsOwritten in fundion notation. Note
that y=10! x2 isan equivalent form. What will the output be if:

a2 isdroppalin?
b. '2 isdroppealin?

c. /10 isdroppad in?

d. !3.45 isdroppealin?

Thenurmrber Qiroppel in,Othat is, subdituted for x, takestheplace of x intheequaioninthe
machine Follow theorder of opaationsto smplify the expression to determinethe value of

f(x).

a f(2)=10! (2)2 b. f(12)=10! (12)2
=10! 4 =10! 4
=6 =6
c. f(/10)=10! (10)? d. f(13.45=10! (13.452
=10! 10 =10! 11.9025
=0 =11.9025
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Example 2

Consder thefundions f(x) = % and g(x) = (x+5)°.

a Whais f(4)? b. Wha is g(4) ?
C. Wha isthedomain of f(x)? d. Wha isthedomain of g(x) ?
e. Wha istherangeof f(x)? f. Wha istherangeof g(x) ?

Subditute thevalues of x inthefundionsfor parts (a) and (b):

f(4)=3% 9(4)=(4+5)°
=2 =(9)?
=_2 =81

Thedomeain of f(x) istheset of x valuesthat are Gillowable,Oand this fundion has some

restrictions First, we cannottake the squae rootof anegdive nunmber, so X cannotbeless than
zero. Additiondly, thedenominator of afraction cannotbezero,so x! 3. Theefore, the
domainof f(x)is x! O, x" 3. For g(x), we could subditute any number for x, addfive, and

then square theresult. Thisfundion has norestrictionsso thedomain of g(x) isall rea
nunbers.

Therangeof these fundionsisthe set of all possible values tha result when subdituting the
domain, or x values. We need to decideif there are any values that thefundionscould never
reach, or areimpossibleto produe. Consder therangeof g(x) first. Sincethefundiong

squaestheamountin thefind step, the output will always be postive. It could equd zero
(when x = -5), butit will never benegative. Theefore, therangeof g(x) isy! 0. Therangeof

f(x) ismore complicated. Try finding some possibilitiesfirst. Can thisfundionever equd
zero? Yes, when x =0, then f(x)=0. Canthefundionever equd avery largepostive

numbe? Yes, this hgopenswhen x < 3, butvery closeto 3. (For example, let x = 2.9999,then
f(x) isapproximately equd to 17,320) Can f(x) become an extremely negdive numbea?

Yes, when x> 3, butvery closeto 3. (Here, try x=3.0001,and then f(x) isapproximately
equd to ! 17,320.) Theredoes not seem to beany restrictionsontherangeof f(x), therefore
we can say that therangeis al rea numbers.
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Example 3

For each problem bdow, first decide how you will answer the question: by usng a graphing tool,
your algebra skills, or acombination of thetwo. Lookfor the mog efficient method Show youwr
work, induding a judification of the methodyou chose for each problem.

a.  Wha isthey-intercept of thegraph of y:%x+19?
b. Doesthegraphof y=x3+3x?! 4 crossthex-axis? If so, howmany times?
c. Wheedothegraphsof y=5x+20 and y = % X + 46 intersect?

d. Wha arethedomain andrangeof y=x21 12x+467?

Students are usudly eager to use thar graphing calculators and they become proficient with it
quickly. It isimportant, however, to make sure tha they use it wisely. Sometimesit is not
necessary to useit at all. Thisisthecasewith part (a). Thisequaioniswrittenin
dopeintercept form, y=mx+b. Inthisform, they-intercept isthepoint (0, b). Theefore, the
y-intercept of theequaion y = %x +19 isthepaint (0, 19).

y

Since pat (b) asksif, notwhere, the graph crosses the x-axis, it is 5
easiest to use a graphing calculator to see if the graph does or does not
crossthex-axis. Thegraphat right shows the complete graph, meaning
we see everything that isimportant about the graph, and everything off
thegraphis predictable based onwha we see. This graph shows ustha \/
the graph crosses the x-axis, appaently twice.

£6

If we use agraphing calculator for part (c), theanswer will notcome
easily. First, it will take some work to adjug the viewing windowto be
able to see both graphscompletely. Then, we would need to trace and zoomto find the point of
intersection. It is better to use algebra and solve this system of two equaionswith two
unknownsto find where the graphsintersect.

y=5x+20
- 1
y=!£x+46

5x+20=1! L x+46

25x+100=1! x+230 (multiply dl four terms by 5)
26x =130 (addx and ! 100 b boh ddes)
x=5 (divide both ddes by 26)

y=5(5)+20=45 (subditue5 forx in thefirst equéion)

Therefore the graphsintersect at the point (5, 45).
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To findthedomain and rangeof theequaionin pat (d), we need to y
find the acceptable values for theinpu, and the passible outputs. The
equdion offers norestrictions like dividing by zero, or taking the
squae root of a negdive number, so thedomainisal rea numbers.
Since this equaionis a parabola when graphed, there will be
restrictionsontherange Jug astheequaion y = x< can never be 10
negative, theranges of qualratic fundions(parabdas) will have a
QowestOpoint, or a thighestOpoint. |f we graph this parabola, we can
see tha thelowest point, thevertex, isat (6, 10). Thegraph only has , X
vauesof y! 10,thereforetherangeis y! 10. 5 10

20

15

Mog of the early homework assignments review skills developad in Algebra 1 and geometry.
The problems bdow indudethese types of problems.

Problems

Solve thefollowing equaionsfor x and/ory.

1. 5(x+7)=12x!10 2. 3Xx+y=12
y = 3X
3. x21 4x=21 4. b(x! a)=c

Find the error and show the correct solution.

5. 5x! 9=12(x! 3) 6. 8x% +4x=12
5x! 9=12x+5 2x2+x=3
7x=14 2x(x+1) =3

X=2 2x=3 or x+1=3

-3 —
X=3 or X=2

Sketch a complete graph of each of thefollowing equaions Be sure to labd thegraph carefully
so tha al key paints are identified. Wha are the domain and rangeof each fundion?

7. y=2x?+6x! 8 8. y=2%

If f(x)=3x%! 6x, find:
9.  f() 10. (193 11. f(2.79
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Use thegraph at right to answer thefollowing questions

Ponda Concord

y=!25x+16

12.  Briefly, wha does the graph represent?

13. Based onthegraph, give dl the gallons |
information you can aboutthe Ponda ga‘;fin
Conoord. tank |
14. Based onthegraph, give dl the -—
information you can aboutthe Neo 100 200 300 400
Brism. milestraveled

15. Doesit make sense to extend these lines into the second and fourth quadrants?

Explain.
Answers
1. x=1 %
2. X=2,y=6
3. x=7,13
— b —

4. X= C+ba = % +a
5. Whendistributing, (! 2)(!13)=6. x=1
6. Mug set theequaion equd to zero before factoring. x =1, ! %
7.

y 8. A,
X

X

[
>

b
v
9. £8
10. 45
11. 6.1875
12.  Thegraph shows how much gasisinthetank of a PondaConoord or a Neo Brism asthe
car isdriven.

13.  PondaConord@® gas tank holds 16 gdlonsof gas, and the car has a driving rangeof
about350miles ononetank of gas. It gets 22 miles per gdlon.

14.  TheNeo Brism@ gas tank hddsonly 10 gdlonsof gas, butit has a driving rangeof 400
miles on atank of gas. It gets 40 miles per gdlon.

15.  No, thecar doesn®travel hegative miles,Onor can the gas tank hold Ghegative gdlonsO
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INVESTIGATING A FUNCTION

A god of this course isfor students to make connectionsbetween and among mathematical
idess. To reach this god, we develop theidea of Onvestigating a fundion.O We want
students to find out everything they can abouta function or asituaion, by asking questions
aboutit, and drawing condusons so that they have a complete picture of thefundionor
situaion. In this section we consder the different questionsto ask aboutthe fundions and
thedifferent components to consde in orde for students to undestand thefundion
completely. For further information see the Math Notes box following problem 1-59 on
page 28, as well as thebox contained within problem 1-81 on page 34.

Example 1
Investigate thefundion f(x) = % .

We want to find outall we can aboutthisfundion, and althoughthegraph of f(x) will be

hdpful in our undestanding, graphscan beundear or incomplete. To investigae thisfundion
completely, answer thefollowing questions

¥ Isthisfundionlinear? If not, can youclassify it?

Doesthefundion have any x-intercepts? Doesit have y-intercepts? If so, wha are they?
Wha isthedomain of thefundion? What istherange?

Does thefundion have any asymptotes? |If so, what are they and why do they occur?
Are there any important points on thegraph of this fundion? (High paints, low points,
turning points, etc.) Wha makes these points important?

¥ Wha istheshgpeof thegraph?

K K K K

An easy first step isto graphthis fundion onthegraphing
calculator or some other graphingtool. However, take care when
interpreting thegraph. With complicated fundions such as this
one thegraphing tool may notclearly display important points or
trends It isimportant to bethinking while graphing! In |
paticular, natice tha thisfundion hastwo restrictions First, we | s 5
cannothave zero in thedenominaor. Second,we cannothave a
negative quantity unde theradical sign.

With a quick sketch and some preliminary thinking, we can proceed. Thisfundionis notlinear,
but curved. Some students mightknow it as ahyperbola, buttha is nat essential at this point. It
is not obviousfrom this graph that there are any x-intercepts, butthere are. x-intercepts occur

when f(x)=0. For arationd expression (afraction)to equd zero, thenumerator (thetop) mug

equd to zero. Therefore,
f=01 L =01 Jx+a=0

3x

Vx+4 =0 when x+4=0,orwhen x=84. Theefore, the x-interceptis (&4, 0).
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.

f(O) — ~0+4
They-intercept occurs when we subditute x = 0 into the equation. %0)

ol&

Thisresult isunddined because we cannotdivideby zero. Therefore, there are no y-intercepts.

Thework we jug did will hdp usdeerminethedomain andrange Here, thedomain is

restricted because vx+4 ! 0 andthedenominaor cannotequal zero. Theefore, thedomainis
theset of dl numbesx! B4, x" 0. Therangeisal rea numbeas (that is, f(x)cantakeonal

values). When we have thegraph, we can also think of thedomein and rangeas GhadowsOof the
graphsontheaxes. Foringance, if we could shinealightfrom aboveand bdow the graph,
casting a shadow on the x-axis, the shadow would be the domain. Here the shadow would not
appear to theleft of x = B4, norwill it appear at zero. Similarly, alight casting a shadow onto
they-axis givesustherange Hereall of they-axiswill becovered in shadow.

Asymptotes occur when the graph approaches a value, but never quite reachesit. Here, asthe
x-values become larger and larger, the f(x) values movecloser and closer to zero. This happens
because the denominaor will grow larger more quickly than the numerator, making smaller and
smaller fractions Theeforey = 0isahorizontal asymptote. Similarly, thelinex=0isalsoa
vertical asymptote. Y ou can convince yourself tha the graph becomes very close to thislineas
you subditute valuesfor x that are very close to zero.

We coveed thelast two questionsin the other answers therefore we have covered all thekey
points for investigating this fundion.

Example 2

Suppo® ayardgick leansagang thewall, forming arighttriangle with
thewall and thefloorwhen viewed fromtheside We defineafundion
with inpus, x, asthehdghtof thistriangle (i.e., the height on thewall yardstick wall
where theyardgick toudhesit), and outputs as thearea of thetriangle. N X
Note tha theyardgick isthe hypoenuse of thetriangle. Investigate this

fundion and write summary statements for wha you know aboutthis PO o AP
fundion.

To investigate afundion we mug beable to answver the questionswe listed in Example 1.
Before we can answver any of these questions we mug first undestand

this geometric relationship and trandate it into something algebraic. To

do this, we will try some specific examples. First, suppo® theyardgick 36in, 20in.
toudhes at a point 20inchesup thewall. Thismeanswe are consdering

an inputvalueof x=20. Theoutputwill bethearea of thetriangle. To b

find the area, we need to know thelength of the base of thetriangle and
for that we use the Pythagorean theorem.

202 + b2 = 362
400+ b2 =1296
b2 =896

b=+896! 29.9¢
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Now tha we knowthelength of thebase, we can find the area of thistriangle.

A==bh
I 5(29.93(20)
Al 299.35quaeinches

1
2
1
2

This gives usoneinputand its correspondng output. Try thisagain usngan input(heght) of 10
inches. You should ge a corresponding output (area) of approximately 1729 square inches.

Each student needsto do as many examples as she needsin order to undestand the general case.

Inthegeneral case, we let theheight (inpuf) be x, solvefor b, and then find thearea of the
triangle, al intermsof x.

b2 + x2 = 362

b2 + x2 =1296
b2 =1296! X2 Mxin.
b=+/1296! x2

b

bh

(\/1296! X2 ) (x)

A
A

N, N~

Now we have an equaionto aid uswith investigaing the problem further. Notetha thisisjug
an aid. We will ansver many of the questionsby knowing the context of theproblem. To begin
with, thisis afundion because every inputhas oneand only oneoutput Next, we can determine
thedomain. In thissituation,the acceptable inputs are the variousheghts alongthewall tha the
yardgick can lean. Theheaghtcould never be smaler than zero, andit could never belarger than
36 inches (because theyardgick will only reach that highwhen itisflat agang thewall, and no
triangleisreally visible). ThereforethedomainisO < x < 36. Given thisdomain, therangeis
thevalues that the equaion can take on within thisrestrictionon x. By looking at the graph of
the equaion representing this situaion, we are looking for the y-values this graph takes on. The
area of thetriangle can bezero (or very close to zero) and hasamaximumvalue By usngthe
zoom and trace buttonson your graphing calculator, you can find the maximum valueto be 324
(Note: At thispoint, we expect students to find themaximum valuethisway. It will be some
time before they can find themaximum value of afundion algebraically.) Therefore therangeis
0<y<324.

If we allow thetriangle to have sides with length 0 inches, then
thefundion hastwo x-intercepts at (0, 0) and (36, 0), andtheone 3%
y-intercept (0, 0). Thisfundionisaso continuous(no breaks), Lo
has no asymptotes, andisnotlinear. At this point, we do not
know wha typeof fundionitis.
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Problems

Solve thefollowing equaionsfor x and/ory.

1 3.Ix! 7=10.6x+4 2. x! 6y=10
y=%x+2
3. 12x?! 35x+8=0 4, x?132=0

If g(x)=1!0.3x+6.3x2, find:

5 g(2) 6. g(0.4) 7. g(18)

Sketch a complete graph of each of thefollowing equaions Be sure to labd thegraph carefully
so tha al key paints are identified. Wha are the domain and rangeof each fundion?

8. y=-0.1x+30 9. y=!x2+30x! 445

10. Investigaethefundion y=+/x! 6 +1.

11. Investigaethefundion y= 1.
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10.

11.

10

L N o g @ »

T T T
5——10—15-20-—25

25’\

20
15
10

GEES

Thegraph of thisfundionis curved. There are nox- or y-intercepts, it isafundion, the
domainisx! 6, therangeisy! 1. TheGtarting pointQOis (6, 1).

Thisgraphisacurve andit has two unmnnected parts. It has no x-intercepts, and the
y-interceptis(O,! %) Thedomainisall rea valuesof x except 6, andtherangeisall

real valuesof y except 0. Theliney = 0isahorizontal asymptote, andx = 6 isavertica
asymptote. Thisisafundion.
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SAT PREP

These problems are very similar to actud SAT test questions Use a calculator whenever you
need one On multiple choice questions choo% the best answver fromthe ones provided. When
a picture has a diagram, assume the diagram is drawn accurately except when aproblem saysit is
not These questionsaddress more topics than you have donein class so far.

1. If x+9 isanevenintege, then which of thefollowing could bethevaueof x?

a 4 b. 2 c. O d B e £
2. If(m+5)(11D7) =24, then m=?

a 1 b. 4 c. 8 d 11 e 17

3. Thefractionsg, %, and % arein smplest reduced form. Which of thefollowing could be
thevalueof d?

a 20 b. 21 c. 22 d 23 e 24

4. A group of three nurmbersiis called a §-tripleOfor some nunmber |, if (% I j). Which
of thefollowingisaj-triple?

a (0,45 b. (52,6 6% c. (9,12 15
d.  (750,10001250 e (575,600 625

5. A bdl isthrown straightup. Theheaght of thebdl can be modded with the equaion

h =381 16:2 whee h isthehdghtinfeet and t isthenumbe of secondsince thebdl
was thrown. How highisthebdl two secondsafter it isthrown?

a 12 b. 16 c. 22 d 32 e. 40

6. Inthefigureat right, AC is aline segment with ¥ 5k é‘ 3k v
alength of 4 units. Wha isthevaueof k? c

7. Lettheopeation o beddined as arab isthesum of al integers beween a and b. For
example, 4810=5+6+ 7+ 8+ 9=35. Wha isthevalueof (1302 170)D(1312 169)?

8. Anisoxeestriangle has abase of length 15. Thelength of each the other two equd sides
isaninteger. Wha isthe shortest possible length of these other two sides?

9. Assume tha % guat of cranbery concentrate is mixed with 1% guats of apple juice to
make crangpple juice for four people. How many quats of cranbery concentrate are
needed to make a crangpple drink at the same strength for 15 people?

10. A stack of five cardsis labded with a different integer ranging from 0 to 4. If two cards
are selected at randomwithoutreplacement, wha is the probability that thesumwill be2?
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Answers

(o))
N

7. 300

8.

8
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