SERIES 12.1.1 - 12.1.4

This chapter revisits sequences Darithmetic then geometric Bto see how these ideas can
be extended, and howthey occur in other contexts. A sequenceisalist of ordered
numbers, whereas a seriesis the sum of thoe numbes. Students develop methodsfor
finding those sums and learn a compact way to write the sums, known as summation
notation. These ideas are extended with explorationsinto Pascal@ Triangle, the Binomial
theorem, indudion, and natura logaithms. See the Math Notes boxes following problems
12-33 onpage618,12-48 on page 622 and 12-63 on page 627.

Example 1

Find the sum of each of thefollowing series.
a 4+9+14+19+24+E +59.

b. Twevetermswith t(1) =3 and #(12) = 69.
c. t(n)=13n+10, for integer values starting at 1 and ending at 15.

Each of these problems represents an arithmetic series because there is a congant difference
between each consecutive term. They are series because they are the sums of theterms. For
pat (a), we could simply add each term, filling in the terms represented by the GE, Obut that
would take some time and there is agoodchance for an arithmetic error. Ingead, we will use
oneof themethodsdeveloped in the chapter.

We will need to knowtheformulaforthen™ termof this  S=4 + 9+14+ 19+24+...+59
sequence, aswellthaswhich term thenumber 59is. The  1g-59+54+49+44+39+. +4
formulaforther™ termist(n)=5(n! 1)+ 4 (verify _
this!) and by setting this equd to 59, wefindthat 59is 2>~ O @303 0a bty £ §3
the 12" term. To find the sum, we write out the sum 2S=12(63 1ol these

labdingit S. Werepeet this by writingit in reverse =12(69
order. Adding these two equaionsgives usanew S=378
equaion tha makesit easier to solvefor S. Thesum of

these twelve termsis 378.

In part (b) we determinetheformulafor the n" term by using the given information to write an

equéion and solve. Thisgivesusthe 1(1)=3 So: t(12)=d(12! 1)+ 3
formula r(n) =6(n! 1)+ 3. Knowingthe

first and last termsis enoughinformationto t(12) =69 69=11d+3
use the method of the previousexample to t(n)=d(n'! 1)+t(2) 66=11d
findthesum. Themethodgeneaalizesas d=6

follows: add thefirst andlast terms, multiply
theresult by thenumber of termsin the _ 12(3+69) _
series, then divide by two. §=77% =432
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In part (c) we have theformulafor the n™ term and we know there will be 15 terms. We will
calculate thefirst and thelast term, and use them in the same procedure as above

usng S(k) = M
t(n)=!3n+10 S= 15(72! 35)
t()=13()+10 S=1210
=7
t(15) =!3(15)+10

=145+10

=135
Example 2

15
Expandtheseries " (5k! 7) andfindthesum.
k=1

Theexpression aboveis known as summation notation, and it is a shorthand way to write outa
series. The! isthe Greek letter sgma and standsfor Gum.O We let thevariable & (called the

index when we are usng summation notation) start at 1, and equd each integer upto 15inthe
expression 54k B7. Thislookslike:

" (5k! 7)=[5D)! 7]+[5(2)! 7]+[5(3)! 7]+[5(4)! 7]+..+[5(15)! 7]

k=

=12+3+8+13+...+68.

To findthe sum, use the same methodas we used in Example 1 with t(1) =-2 and t(15) =68 to
find § = 495.
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Example 3
Writetheseries5+ 3+ 1+ Bl + B8+ E+ ER9in summation notation.
First we need theformulafor then™ term. Here, t(1) = 5 and the common difference isE2. We

canwritet(n)=!2(n! )+5=12n+7. If we set therightside equd to £29, we can determine
which term nunmbe E29is,

129=12n+7
136=!2n
n=18
Since thelast term isthe 18" term, we can now putthis all together in summation notation
18
Y (-2n+7)
k=1

Problems

Write thefollowing series in summation notation and find each sum.

1. 5+7+9+E +25 2. 1+11+21+E +161 3. E5+BPlL1+BL7+E +847

4. 1+2+3+E +100 5. 2+5+8+E +89 6. 5+4+3+E +Eb

7. Sumthepostive even integersless than or equd to 100.

Expand thefollowing series and find each sum.

15

8 | (3k+1)
k=1
17

11. | (4i+9)
i=1
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" (11! 8) 10.

=1

9

" (1! 6K) 13.

k=1

22
" (50! 4K)
k=1
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Answers

1.

162

11
| (2K +3),!S=165
k=1

17
" (10k! 9),S=1377
k=1

8
" (16k+1),S=1208
k=1

100
| k!S=5050
k=1

30
" (3k! 1),)S=1365
k=1

10.

11.

12.

13.

11

" (6! k),!S=0

k=1

50

! 2k !1S= 2550

k=1

4+7+10+ ... +46=375
3+14+25+ ... +740=25,262
46 +42 +38 + ... + 38 = &8
13+17+21+...+77=765
S+-11+-17+ ... +-53=-261

1+4+9+16=30
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MATHEMATICAL INDUCTION 12.2.1

In this section, students learn a method of proof called mathematical indudion. This
method of proof alows students to prove certain formulas are true as well asto create
new formulas. See the Math Notes box following problem 12-81 on page 632

Example 1

Prove by mathematical indudion that the sum of the squares of thefirst » postive integers
equds ¢ (N)(n+1)(2n+1). Thatis, prove

12422432442+ +n2 =L (M(n+D(2n+1)
Indudionworksin avery systematic way. Thefirst step in the proof isto verify tha the
statement you are trying to proveistruefor n = 1.

2=lma+nem+n
=< (M2)3)

—_

— ol o

12

Next we assumeit istruefor n = k, and provetha n = k + 1 follows. We start by assuming tha:
12+22+3F+42+  +k2 = ¢ (K)(k+D(2k+1)

istrug and nowwe consder wha 12 + 22 + 32 + 42 + ...+ k? + (k + 1)2 mugt equd. But we
already knowwhat thefirst £ terms of this seriesequds. Usethisfact.

P P 8 whF gk + (ke D2 = L 2K 4D + (k+2)?

first k terms first k terms

Our god isto manipulate theright hand side of this equaion to showthat it is equivaent to

% (k+D(k+2)(2k + 3). Verify that youwill get this expressionif you subditute £ + 1 into the
right hand side of theorigind equaion. Continuing,
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124024 R+42 4+ +k° +(k+1)2 = 2 (K)(k+1)(2k +1) + (k +1)2

first k terms

first k terms

=1 (k)(k+ D2k +1) + (k+(k +1)
= (k+D[ 1 (2K +D+(k+D)]

= (k+1)(2Kk2+ L k+k+1)

= (k+1)(2k2 +Zk+1)

= (k+1)( (2K + 7k +6))

=1 (k+1)(2k? + 7k + 6)

=5 (k+1)(k+2)(2k+3)

Which was wha we wanted! This proves the formula by mathematical indudion.

Problems

Prove each of thefollowing equaionsusng mathematical indudion.

1. 1+2+3+...+n=@

2. 1+3+5+..+(2n! 1)=n?

nZ (n+1)2

3. 1B+23+33+ . +n3= n

Answers

1. Forn=1]1 1=@:%=1. Check. Assumeitistruefor» =k and showit istruefor
n=k+1:
TR B ggk+ (k+D) = G52 +(k+ )
k of them kOfﬂ::G)'n

_ k(k+1) + 2(k+1)
-T2 T2
_ k(k+1)+2(k+1)
-2

— k2+k+2k+2
2

- k2+3Kk+2
2

_ (k+2)(k+3)
e
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2. Forn=1 1=12. Check. Assumeitistrueforn =k and showit istrueforn =k + 1:

434 3t P+ QR+ D=k + 2k D)

k of them

=(k+1)?

_ . 120+1)2 _ 4 _ . _ .
3. Forn=1, _Z‘l' Check. Assumeitistrueforn =k and show it istruefor

4
n=k+1

1 @ 8% gk + (kD)3 = D% 4 (g2

k of them

_ k2(k+1)2 + 4(k+1)3
-7 4 4

_ K2(k+1)2 +4(k+1)3
- 4

_ (k+1)2 (k2 +4(k+1))
- 4

_ (k+1)2 (k2 +4k+4)

- 4

_ (k+D)2(k+2)2

= e
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GEOMETRIC SERIES 12.3.1 and 12.3.3

Jugd as arithmetic sequences lead usto arithmetic series (the sum of theterms of the
arithmetic sequence), geometric sequences lead usto geometric seriesaswell. Inthese
sectionsstudents develop aformula to find the sum of geometric series, write geometric
series with summation notation, and explore infinite geometric series. See the Math
Notes boxes following problems 12-118on page 641 and 12-1430n page 647.

Example 1

Write the series 32+16+ 8 +E +1—16 in summation notation and find the sum. 1 32(L)”! 1
16 2

. . . . . '
Since each term of this seriesis onehdf thepreceding term, thisisa 5% = (%)n
'

geometric series. Theformulafor then™ term of this seriesis 32 (%)n : 512 =2n'1

To writeit in summation natation, we just need to determine how many 79 _oni1

terms are in this series. We could write out all theterms and countthem, 9—n! 1

butingead we will use theformulafor then™ term, and solve for n. -
n=10

_ 10 Lk
Therefore, we can write: kz 32(5)
=1

To findthe sum, we will use theformulathe students developed in class for the sum of thefirst n
terms of ageometric series.

rlek)" 1(1)
L Tt

S(k) = ]

Here we can write:

— 1023 _
= 1023 63,937¢
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Example 2

12
Expand and find the sum of the geometric series: Z 3(4)1.

k=1

Lettingtheindex k£ runthroughits values givesthe series: S12) = %
3+12+48+ 102+ 768+ E + 12582912, = 5033045

=16,777,215

We will use theformulafrom the previousexample to find the sum.

Example 3
Find the sum of each infinite geometric series.
) ) k! 1
a 8l+27+9+3+E b.  # 25(4)
k=1

If thecommonratio in an infinite geometric seriesis between Bl and 1, the series does in fact
equd anumber, even thoughthe series goes onforever. Thesumis given by theformula:

s=-a - @

In pat (a) thecommonratiois 1, therefore:
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Problems

Expand and find the sum of each geometric series.

213K"1
1

2 e

" 513K
k=1

2.

Write each series usng summation notation and find the sum.

5. 2+10+50+25+E +19531250
7. 500+ 100+20+E +0.0000512
Answers
1. 728
2. 110978
3. 600
2
4. £
11 .
5. # 215K"1=24 414062
k=1
168

6.

8.

1+3+9+27+E +59049

88+ 44+22+E

11

" 3K!'1-88 573

k=1
11
k=1

% 88!(1)

k=1

# 5001(1)"

kn

"1
=625

1
=176
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PASCAL’S TRIANGLE 12.4.1 and 12.4.2

After exploring paternsin Pascal @ Triangle, students see how the nurbersin the
triangle relate to the couning princples they have learned earlier. The connectionto
the Binomial Theorem allows students to quickly expand binomials raised to different
powers as well as determine probabilities in situaionsinvolving two outcomes. See the
Math Notes box following problem 12-179 on page 655.

Example 1

Use Pascal’s Triangle to expand (a+b)*, then apply the same pattern to expand (2x— 3y)*.

Students wrote out several lines of Pascal’s Triangle when they were looking for patterns. The
fourth line of Pascal’s Triangle gives us the coefficients of the terms in the expansion of this
binomial since its degree is 4. The fourth lineis 1 4 6 4 1. Therefore the expansion is:

(a+b)* =1a* + 4a3p + 6a2b? + 4ab® + b?.

Notice that the powers of a decrease while the powers of b increase, but the sum of the two
exponents in each term is always four. We apply this pattern to the second binomial, replacing
each a with (2x) and each b with (-3y):

2x! 3y)* =12x)* +42x)3(! 3y)+ 6(2X)2(! 3y)? +4(2x)(! 3y)? + (! 3y)*
=16x* +32x3(1 3)y + 242 (9)y? + 8x(1 27)y> + 81y*
=16x*! 96x3y+216x%y? | 216xy> +81y*

Example 2

Use the Binomia Theorem to find theeighth term in the expanson of (p + 3q)4.

TheBinomia Theorem ties Pascal@ Triangle to combinaions which thestudents learned in
Chapter 10. TheMethodsand Meaningsbox following problem 12-179 provides theformulafor
the expangon of any binomial raised to any postive integer value In paticular, the ™ term of

theexpansion (a+b)" isgivenby ,C,, i ya" ' Vp¥' 1. Inthis case theterm is

141 (81 Dp8! 1 — Th
14Ciar g @t & 0%t =, Cra’b

— 141 A7R7
—7!7!ab

=3432a’b’
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Problems

Expand each of thefollowing binomals.

1. (5x—6y)°8 2. (8+3q)°
3.  Findthefifth termin theexpanson of (x + y)12.
4. Findtheseventh termin theexpangon of (x + y)'2.
5. Findthe15" termin theexpanson of (3p- 2q)32.
6. Eightcoinsaretossed. Wha isthe probability tha exactly five are heads?
Answers
1. 1562561 112500¢°y + 337500¢*y2 | 540000¢3y2 + 486000c2y* | 23328y° + 46656/°
2. 32768+ 61440+ 460802 +17280y° + 3240* + 243%°
3. 495¢8y4
4.  924x5y6
5. 3,Ci5(3p)t8(-20)'* = 471435600387420489p'8(16384q**
1\°(1\3_ 7
6. oCs(3) (3) =%
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SAT PREP

7.

If y is directly proportional to x and if y = 24 when x = 4, what is the value of y when

x=177
a. S b. 2 c. 27 d. 28 e. 42
For all positive integers a and b, let the operation {} be defined by
a{} b=aP*2 - 6aP +14. For how many positive integers a is a{}2 equal to 9?
a. O b. 1 c. 2 d 3 e. 4
y<lk
In the figure at right, the line / has a slope of 2.
What is the y-intercept of [? 0,5
a. 5 b. 8 c. 11
d 13 e. 15
> [ >
oY (3,0) \ )
Which of the following numbers is divisible by 7 and 11 but not divisible by 10?
a. 49 b. 66 c. 70 d. 308 e. 504

In the figure below right, the intersection of ray AC with ray BA is:

a. Segment AC

b.  Segment AB 4 B
c. RayAC

d. RayBA

e. Line AC

What is the greatest integer value of x for which 4x! 28<0?

The mean of a list of 87 consecutive integers is 33. What is the greatest integer in the list?
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When a positive integer p is divided by 5 the remainder is 4. What is the remainder when
12p is divided by 10?

9. When a certain number is divided by % and the quotient is then multiplied by 9 the result is
108. What is the number?
10. The diameter of a circle is 5. If the circle is cut in half, what is the total perimeter of the two
pieces?
Answers
1. E 5. B 9. 6
2. B 6. 6 10. 5z +10
3. C 7. 71
4. D 8. 8
172
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