EXPONENTIAL FUNCTIONS 3.1.1BD3.16

Geometric sequences are examples of exponential fundions In these sections students
genedize wha they have learned aboutgeometric sequences, and investigate fundions
of theform y = km* (m> 0). Studentslookat multiple representationsof exponential
fundions induding graphs tables, equaions and context. They learn howto easily
move from onerepresentation to another. Exponential fundionsare used for calculating
growth and decay, such asinterest onaloan or theage of fossils. While working onthese
problems students also review thelaws of exponents. For further information see the
Math Notes boxes following problems 3-6 onpage 118and 3-52 on page 132.

Example 1

LuAnn has $500with which to open a savingsaccount She can open an accountat Fredrico®
Bank, which pays 7% interest, compounde& monthly, or Money First Bank, which pays 7.25%
compounde quaterly. LuAnn plansto leave themoney in the account untouched, for ten
years. Inwhich accountshould she place themoney? Jugify youranswer.

Theobviousansver istha sheshould putthemoney in theaccounttha will pay her the mos
interest over theten years, but which bank istha? At both banksthe prindple (theinitial vaue)

is $500. Fredrico® Bank pays 7% compounde monthly, which meanstheinterest is 01'—(2’7 each

month, or approximately 0.00583in interest each month. If LUAnn puts he money into
Fredrico® Bank, after onemonth shewill have:
500+ 500(0.00583)= 500(1.00583)! $50292.

To calculate the amountat theend of the second month, we mug multiply by 1.00583agan,
making the amount

500(1.00583)2 | $50585.
At theend of three months thebdanceis:
500(1.00583% ! $50880.

Thiswill hgopen every month for ten years, which is120months At theend of 120months the
bdance will be

500(1.00583'20 | $100443.
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We peform asimilar calculationfor Money First Bank. Itsinterest rateis highe, 7.25%, butit
isonly compounde and calculated quaterly, (quaterly meansfour times each year, or every
three months). Hence, every quater thebank calculates %72 =0.018125interest. At theend
of thefirst quater, LUuAnnwould have:

500(1.018125 ! $50906.
At theend of ten years (40 quaters) LUAnn would have:
500(1.018125% | $1025609.

Since Money First would pay her approximately $21 more in interest than Fredrico® Bank, she
should put her money in Money First Bank.

Example 2

Mosg homes appreciate in value, at varying rates, depending on the home@ location, size, and
other factors. But, if thehome is used asarentd, the Internd Revenue Service allows the owner
to assume tha it will depreciatein value Suppo® a house tha cogs $150000is used as a rental
propety, and depreciates at arate of 8% per year. Wha isthemultiplier tha will give thevaue
of thehou® after oneyear? What istha value? What isthevaue after ten years? What isthe
hdf-lifeOof the hous (tha is, when has thehous log hdf of itsvalue)? Draw the graph of
this situdion.

Unlike interest, which increases the value of the house, depreciation takes valueaway. After one
year, the valueof the house is 150000D0.08(150M0) which is the same as 1500000.92).

(Check this!) Therefore themultiplier is0.92. After oneyear, thevaueof thehougis
1500000.92) = $138000. After ten years, thevaueof thehous will be

15000@0.92)1° = $65,158.27. To find the (haf-life,Owe need to determine when the value of
thehouse reaches $75000. We jud foundtha at ten years, thevalueis bdow $75000, so the
hdf-life occursin less than ten years. To hdp answer this question, list thehous@ valuesin a
table to see the depreciation.

#Years Hous@value  Shortly after theeighth year the house will be

1 138000 hdf itsvalue Note: If youtry towritean

2 126960 equaion and solve, youwill haveto use guess

3 11680320 and check to solve at thispoint. Theequaion, ™}

4 10745894 75000= 1500000.92), requires some new value

5 9886223 mathematics to solveit. We will learn howto

6 9095325 solve such equaionslater in theyear. If you

7 8367699 wish to try to solve this by guess and check, b
g 7698283 the answer you are looking for is yeas

7082420 approximately 8.313
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Example 3
Solve thefollowing equaionsfor x.

a x'=42 b. 3x12=132

Aswith many equaions we need to isolate thevariable (ge thevariable by itself), and then

eliminae theexponent. Thiswill require oneof the Laws of Exponents, namely (x@)P = xa@b.

a X! =42 b. 3x12=132
1 12
(x7)7 = (42)7 =
x12 = 44

(212 = (aa)z

1
x! 1.706 x =(44)12
x! +1.371

Thefind calculation takes the seventh rootof 42 in part (a) and thetwelfth rootof 44 in pat (b).

Notice tha thereisonly oneanswer for part (a), where the exponent is odd butthere are two

answers (z) in pat (b) where theexponent is even. Even roots always produce two answers, a

postive and anegaive. Be sure tha if the problem is areal-world application tha both the

postive and the negative results make sense before stating both as solutions ' Youmay haveto

disregard onesolution so tha theanswer isfeasible.
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Problems

Simplify thefollowing expressionsas much as possible.

o 10\ o 144243 22/3p! 314,718
1. (16a b )4 (163/4X7)° RETEXTIRTE

w

Find each of theindicated fundion values.

4. £(x)=3(2)" findf(4. 5 g(x)=!6x",findg(!3). 6. h(x) =2, find h(! 2).

Solve thefollowing equaionsfor x.

7. x8=65,536 8. I5x'3=2 9. 3x=9gx1
W1 X _ 24)6' 1 _
10. (324x+3) =1 11, 2(3x! 5)* =392 12 =4

Findtheerror in each of thefollowing solutions Then give the correct solution.

13. 4(x+7)5=1392 14. gax+2 _103x'1
(x+ 7)6 =348 54x+2 _ 9 j 53x!1
X+7=58 Ax+2=2(3x! 1)
x=51 4x+2=6x!1
3=2X
x=1.5

15. In seven years, Seta@® son Stu isleaving home for college. Seta hopes to save $8000to pay
for hisfirst year. Shehas $5000now and hasfourd a bank that pays 7.75% interest,
compoundel daly. At thisrate, will she have themoney she needsfor Stu@ fist year of
college? If not, how much more does she need?

16. Eightyearsago, Rudi though tha hewas making a soundinvestment by buying $1000
worth of Pro Sports Management stock. Unfortunately, his investment depreciated
steadily, loang 15%of its value each year. How much isthe stock worth now? Judify
your answer.

17. Thenew Bamo Supe Ball has areboundratio of 0.97. If youdropped thebdl froma
heght of 125feet, how highwill it boune on thetenth boun&?
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18. Fredrico@ Bank will let you decide how often your interest will be computed, butwith
certain restrictions If yourinterest is compoundel yearly you can earn 8%. If your
interest is compoundel quaterly, youearn 7.87%%6. Monthly compoundngyieldsa
7.7%% interest rate, while weekly compoundngyieldsa 7.625% interest rate. If your
interest is compoundel daly, youearn 7.5%. What isthebest deal? Jugify your answer.

. . X
19. Investigate theequaion y = (%) +4.
Answers
69 12 3/4
1. 8a% 2. %] 3. &
16

4. 2 5 13122 6. 16

7. x=8 8 x=12 9. x=12

10. x=0 11. x! 2.91 12. x=5

13. Both sidesneed to beraised to the % (or the 6™ roottaken), notdivided by six. x! "4.35.

14. Since5 and 10 cannotbewritten as the power of the same number, the only way to solve
theequaion nowis by guessand check. x! 11.75. If youdid not get this answer, do not
worry aboutit now. Thepaint of the problem isto spottheerror. Thereisaseconderror:
the 2 was not distributed in thefourth line

15. Yes, shewill have about$860102 by then. Thedaily rateis %977 1 0.000212329. Seven
yearsis 2555days, so we have $50001.00021232¥°%%1 $8601.0z.

16. Itisnowonly worth about $272409.

17. About92.18fest.

18. Thebest way to do this problem isto choos any amount, and see how it grows over the
course of oneyear. Taking$100,after oneyear compoundel yearly will yield $108
Compounde quaterly, $10811 Compounde& monthly, $10803. Compoundel daily,
$10779. Quaterly isthebest.

19. Thisisafundiontha it is continuousand noniinear (curved). It has a y-intercept of (0, 5),
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and no x-intercepts. Thedomainisall real values of x, andtherangeisall rea values of
y > 4. Thishas ahorizontal asymptote of y = 4, and no vertical asymptotes. Itisan
exponential fundion.
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CURVE FITTING 3.2.1D322

Part of developing skill when investigating afundionistheability to fit a curve to a set
of data points. This meansthe students will use the data to write an equaiontha can be
used to modd a paticular set of points. Students have seen genera forms of various
types of equaions They will learn how to determinewhich part of these genera
equdionsare paameters and which parts are variables and use thisinformation to write
equdionsfor thedaa. For further information see the Math Notes box following
problem 3-1080n page 148

Example 1

A linepasses throughthe paints (3, 6) and (-2, 9). Findtheequaion of thelineusngtheform
y=nmx+Dhb.

In thegeneral form of theequaion of alinelisted above the x andthe y arethevariables,
whilethe m andthe b aretheparameters. When we write the equaion of thelinetha passes
throughthese points, thevariables x and y will still bepresent. The paameters, however, will
have specific numerical valuestha fit thedaafor this uniqueequaion.

To dothis, we subditute our values from the coordinae points aboveinto the general equdion.
Thex-coordinae replaces x, and the y-coordinae replaces the (3 6): 6=m(3)+b

y. Thisgives ustwo equaionswith two unknowns We can (12,9): 9=m(12)+b
solve these equaionsfor m and b. T '

6=m(3)+b ! 6=3m+b
9=m("2)+b ! 9="2m+b
" 3=5m Gubtract the equaionsto diminae b)

v 3
T=m

3(3)+b
+b

Now that we know m, we can subdgitute it back into either 6
equaionto find ». Once we know both values of these 6
parameters, we can replace them in thegeneral form to write 9
the equaion of theline passing throughthetwo paints. 6+ tg

b

b
3. 39 3
=1 2 27 5
y=:sX+5
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Example 2

Thegenaa form of an exponential fundionwith an asymptoteof y =0 isy=ab*. If an
exponeatial fundion with an asymptote of y = 0 passes throughthe points (0, 8) and (4, 0.5),
wha istheequaion of thisfundion?

Aswedid in thelast example, we will subditute the x- and y-coordinates of each pair of points
into the general equaion, then solve thetwo equaionsto determinethe specific numerical values
of the parameters a and b.

y = abX
(0, 8): 8=ak°
(4, 0.5): 0.5=ab*
Since b% =1, thefirst equaion simplifiesto tell ustha « = 8. 0.5=8b*

We subditute thisvaluesfor a into the secondequaionin
order to solvefor b.

With both parameters, we can now write the equaion tha
represents these data points. 4

v=s6(3)

N
N[ m"“ cn"“ N[
I
O H» O 0
o > T
™~ N
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Example 3

In the year 2000when Club Leopad was first introduced on the Internet, it had 8,500 GeopadsO
(members). In 2007,theleopad popuktion had risento 22,610,

Modd this daawith alinear equaion.

Modd this daawith an exponantia fundion.

Use each modd to predict theleopad popuktionin theyear 2012

Which modd do you bdieve isthebeter predictor? Why? Explain completely.

00T

We can call theyear 2000 ourtime zero, or x =0, andtheyear 2007will be x=7. Thisgives
ustwo data points, (0, 8,500 and (7, 22610) For pat (), we will use these daa points with the
genegd equdion y = mx +b since we are finding alinear model first.

8500=m(0)+b ! b= 8500
22610= m(7) +b

22610= 7m+ 8500
14110="7m
m" 2015.7

This givesthelinear equaion y =2015.7x + 8500 .

To modd with an exponential fundionwe will use theequaion y = ab* with the same daa
points.
8500 = ab° ! a=8500

22610 = 8500b’
2.66 =b’

12.66 =Yo7

1.15" b
This gives theexponential equaion y = 8500(1.15)%.

We will use each equaionwith x =12 to predict the popuationin 2012as requested in pat (c).

y =2015.7x + 8500 y=850(01.19"
y =2015.7(12) + 8500 y = 850Q(1.152
y! 32688 y = 45477

Part (d) asks which isthebetter predictor of the paopulation. Population growth is typically
exponential demondrated by therabbit problem the students did in Chapter 2. Based on this
assumption, the exponential funadionwould bethebetter modd to predict the popuktion.
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Problems

For each of thefollowing pars of paints, find the equaion of thelinethat passes throughthem.
1. (0,7 and(3,-2) 2. (5,10 and(10,12)

3. (14,12 and(4,0) 4. (13,117) and (4, 25)

For each of thefollowing pars of paints, find the equaion of an exponential fundionwith an
asymptote y= 0 that passesthroughthem.

5. (0,6) and (3, 48) 6. (1,21) and(2,147)
7. (11,7273)and (3, 10648) 8. (!2,3515625)and (3, 1152)

9. Onacoldwintry day thetemperature outside hoveed at OjF. Karen made herself a cup of
coooa, andtookit outside where shewould be chopping some wood. However, she
decided to condud amini science experiment ingead of drinking her cocoa, so sheplaced a
thermometer in the cocoaand left it sitting next to her as sheworked. Shewrote down the
time and thereading onthethemometer as shown in thetable bd ow.

Timesince
1¢ reading 0 1 5 7 10 12 15
Temp(iC) | 70; | 567; | 244; | 1601;| 85 | 56; | 30i |

a.  Plotthepoints. Describeany trendsyou see.
b. Wha typeof fundionwould best modd/fit this daa? Explain.

c. Findtheequaion of an exponential fundionwith an asymptote at y =0 tha modds

this data.
Answers
1. y=13x+7 2. y=1x+8 3. y=! 3x+6
4. y=6x+1 5. y=6(2) 6. y=3(7)
7. y=80(1.)x 8. y=2250.8)

9. Thedaaappearsto beadecreasing exponential function, with an asymptoteat y=0. One
possible equaion tha will modd thisis y = 70(0.8D*.
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CHECKPOINT PRACTICE PROBLEMS

Starting in Chapter 2, severa problems are marked with theicon shown at right p
This icon indicates a GCheckpointOproblem for an Algebra 1 topic tha students W
should be able to solve correctly at this pointin thecourse. If the student needs

hdp to solve this kind of problem, or cannotconsstently solve them correctly,

then the student needs additiond practice with thistype of problem. After each Checkpoint, the
student will be expected to solve tha typeof problem easily and accurately.

The Checkpoint problems for Chapter 3 are problems 3-55 (simplifying expressionswith

postive integral exponents) and 3-111 (factoring quadratic expressiong. The practice problems
bdow cover only these two topics.

Simplify each expression. (problem 3-55)

1 (3x%y)° 2. —2(-3ab’)? 3. 4(23y2*)(n'2)
2:3)* 1 a’b? (xd )
% > '(gzb)z 6. —(Xxé )

Factor each expresson bdow. (problem 3-111)

7. X2 +24x+144 8 x2! 36 9. 8x2+8x+8
10. x2+16x—36 11. 3x2! x! 4 12. 18x%! 27x! 5
Answers

1. 243c10y5 2. 54a%p%t 3. 8x%y°A

4. x2 5. 128 6. -8

7. (x+12)2 8. (x+6)(x! 6) 9. 8(x2+x+1)
10. (x—2)(x+18) 11. (Bx! 4)(x+1) 12. (3x! 5)(6x+1)
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SAT PREP

1. In the correctly worked addition problem at right, each X X6
represents the same digit. Wha isthevaueof X? X7
X8
a 3 b. 4 C. 6 + X9
190
d 9 e. 10

2. Thefigureat rightisnotdrawn to scale. Theconehas a heght of
22inchesandaradiusof 12inches. Theconeis cut paale to the
circular base creating two shgpes, oneof whichisasmaller cone If
theradiusof the base of thesmall coneis 4 inches, what isthe
height of thesmall cone?

Q
o

N[
o
\‘
(@]
\l

wl-

3. Thetableat rights_hovvs the.distan(:% required Speed Thinking | Braking
to stop acar traveling at a given speed. Thecar (inmiles | Distance | Distance
will travel acertain distance whilethedriver is per hour) | (infeet) | (infeet)
"thinking" aboutwhat to do. Oncethedriver 20 20 20
appliesthebrake, thecar travels some more 30 30 45
before coming to a stop. How many more feet 28 38 225
dossit take to stop acar traveling at 60 miles 60 60 180

per hourthan at 20 miles pe hour?
a 75 b. 105 C. 150

d. 175 e. 200
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If the arrangament aboverepresents thefact that a < b and ¢ < d, which of thefollowingis
true?

4 6 6
a 1 2 b 1 2 c 2 1

6 4 4

4 4
d 2 1 e 6 2

6 1
The graph at right represents data taken at Number of minutes it takes
alocal company. Which of the following employees to travel to work.
is the closest approximation to the percent 60 1

of employees of this company who travel 50

for at least 16 minutesto get to work? 58: 40
S 301
a 25% b.  30% £ 04
Z 10+
c. 40% d. 50% 535

I T
Less 10-15 16-20 More
e 60% than 10 than 20

Number of Minutes

Tiahas $d to spend on some songsat Downloads R Us. If sheisamember, she can buy
any songfor $m each, but to be amember shemug pay a onetime fee of $11.Which
expression represents the number of songsTia can download from Downloads R Us?

a d!1im b. 11+dm c. 9m d. 4l e 11 d

m

On thewidge assembly ling, every 10" widge isingpected for cracks, and every 5"
widgd isingpected for dents. In abox of 100widgets, what isthe probability tha a
widge will have been ingected for both cracks and dents?

1 1 3 1
a =5 b. iE C 5 d. 3 e

all-
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8. Thelength of rectangle A is 40%greater than the
length of rectangle B. Thewidth of rectangle A is A
10%less than thewidth of rectangle B. Thearea
of rectangle A is:

Note: Figures not drawn to scale.

50 percent greater than the area of rectangle B.
126 percent greater than the area of rectangle B.
isequd to thearea of rectangle B.

50 percent less than the area of rectangle B.

26 percent less than the area of rectangle B.

P00 T

Questions9 B 11 refer to thefollowing sequence of steps

Choog any nunber.

Multiply the number by 8.

Add 7 to theresult.

Subtract 1 fromtha answer.

Dividetheresult by 2.

Add1.

Divideby 4.

Subtract theorigind number and print theresult.

NG~ WNE

9. If 32istheorigind numbe chosen, wha nunmber is printed in Step 8?
a 478 b. 361 c. 82 d 4 e 1

10. Which of thefollowing could beanumber printed in Step 8 when someonepeformsal the
stepscorrectly?

a 1 b. 73 c. 361 d. 478 e. 854

11. Which of thefollowing changes could be madeto the procedure withoutchanging the
results printed in Step 8?

a.  Switch Steps2 and 3.
b. Switch Steps3 and 4.
c.  Switch Steps4 and5.
d. Switch Steps5 and6.
e.  No changes can be made withoutaffecting thefind results.

Answers
1. B 2. C 3. E 4 B 5 D
6. D 7. A 8. B 9 E 10. A
11. B
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