POLYNOMIALS 9.1169.1.3

The chapter explores polynomial fundionsin greater depth. Students will learn how to
sketch polynomial fundionswithoutusng ther graphing tool by usng thefactored form
of thepolynomial. Inaddition, they learn thereverse process: finding the polynomial
equaionfromthegraph. For further information see the Math Notes boxes following
problems 9-7 on page 440,9-37 on page 447, and 9-55 on page451.

Example 1

State whether or not each of thefollowing expressionsis a polynomal. If it isnot, explain why
not If itisapolynomal, state thedegree of the pdynomial.

a 17x*+2x3+x%1 41x1 6 b. 8+3.2! "x5! 61x1°

c.  9x3+4x%! 6x' 1+ 7X d.  x(x3+2)(x*! 4)

A polynomial is an expression that can bewritten as the sum or difference of terms. Theterms
areintheform ax" where a isany nunmber caled thecodficient of x, and n, theexponent,
mug beawhole numbe. Theexpressionin pat (a) isapolynomal. A codficientthaisa
fraction (%) isacceptable. Thedegree of thepolynomial isthelargest exponent on thevariable,
so in this case thedegree isfour. Theexpressionin part (b) isaso apolynomial, andits degree
isten. Theexpressonin part (c) isnotapolynomial fortwo reasons First, the x' 1 isnot
allowed because the exponents of the variable cannotbe negaive. Thesecondreasonis because
of the 7*. Thevariable cannotbeapower in apdynomia. Althoughtheexpressionin part (d)
isnotthe sum or difference of terms, it can bewritten as the sum or difference of terms by
multiplying the expression and simplifying. Doingthisgives x8 +2x°! 4x41 8x, whichisa
polynomal of degree 8.

Example 2

Withoutusng your graphing tool, make a sketch of each of thefollowing polynomials by usng
the orientation, roots, and degree.

a f(xX)=(x+D(x! 3(x! 4) b. y=(x! 6)2(x+1)

c.  p(X)=x(x+1D32(x! 4)2 d.  f(x)=!(x+1)3(x! 12
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Throughinvestigaions students learn a nunmber of thingsaboutthe graphsof polynomial
fundions Theroots of the polynomia are thex-intercepts, which are easily foundwhen the
polynomal isin factored form, as are al thepdynomials above Ask yourself the question:
wha values of x will make this expression equd to 0? Theanswer will give youtheroots. In
pat (a), theroots of thisthird degree polynomial are x=!1, 3, and 4. In pat (b), theroots of
thisthird degree polynomial are 6 and ! 1. Thedegree of apdynomial tells you the maximum
number of roots possible, and since this third degree polynomal has jug two roots, you might
ask whereisthethird root? x =6 iscalled adoulderoot, since tha expressionissquaed andis
thusequivalentto (x! 6)(x! 6). Thegraphwill jus touch the x-axis at x = 6, and oun@Ooff.
Thefifth degree pdynomia in part () hasthreeroots, 0, ! 1, and 4 with both ! 1 and 4 beng
doubkroots. Thefifth degree pdynomial in part (d) hastworoots, ! 1 and 1, with 1 beénga
doubkroot, and ! 1 bengatripleroot Thetripleroat GlattensOout thegraph at the x-axis.

With theroots, we can sketch the graphsof each of these polynomials.

a. b.

AY AY /
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% Y Y
Check thet therootsfit thegraphs In addition, thegraphin pat (d) was theonly onewhos
orientationwas Qlipped.O Normally, apdynomia with an odddegree, starts off negaive (as

we moveleft of thegraph) and endsup postive (as we moveto theright). Becausethe
polynomal in pat (d) has anegaive leading coefficient, its graph does the opposte.

\
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Example 3 y

Write the exact equaion of thegraph shown at right.

(@80 B0, \B0 X
From thegraph we can write ageneral equaion based onthe oo 10
orientation and theroots of thepdynomial. Sincethe x-intercepts are
13,3, and8, weknow (x+3), (x! 3),and (x! 8) arefactors. Also, I
sincethegraphtouchesat ! 3 and bounes off, (x + 3) isadouble
root, so we can writethisfundionas f(x) = a(x + 3)2(x! 3)(x! 8).

We need to determinethevaueof a to have theexact equdion.

02 °

Using thefact tha the graph passes throughthe paint (0, £2), we can write:

12=a(0+3)20! 3)0! 8)
12 =a(9)(!3)!8)
12=216a

-1 2 -1 _L
a 216 * 108

Therefore theexact equdionis f(x) =! ﬁ(x+3)2(x! 3)(x! 8).
Problems

State whether or not each of thefollowingisapolynomia fundion. If itis, givethedegree. If it
is not, explain why not

1. %x7 +4.2%8 - x4 —x2 +/2x-0.1

3
2. 45x31 0.75¢2 ! 155 x+2+15
1
3. x(x+2)(6+1)
Sketch the graph of each of thefollowing polynomials.
4.  y=(x+5)(x! D3(x! 7) 5. y=1(x+3)(x%+2)(x+5)2

6. f()=!x(x+8)(x+1) 7. y=x(x+4)(x! D(x! 4)
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Below are the complete graphsof some polynomia fundions Based onthe shgpeand location of
thegraph, describe all theroots of the polynomia fundion, its degree, and orientation. Be sure to
indudeinformation such as whether or notarootis adoubk or triple root

8. 9.

y 10.
Y A « y
X
X
Y

Using the graphsbdow and the given information, write the specific equaion for each
polynomial fundion.

11. y-intercept: (O, 12 12. y-intercept: (0, BL5) 13. y-intercept: (0, 3)
y y y

Y

X
- +—+ +—+ B s
) \,/5

Answers
1. Yes degyree?.
2. No. Youcannothave x inthedenomnéaor.

3. No. Whenyou multiply thisou, youwill still have x inthedenomnaor.

4. Therootsarex =5, 1, and 7 with x = 1 beéngadouble root N
Remembe adoubk rootiswherethegraphistangent. This
graph has a postive orientation. X
]
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5. Therootsarex = £8 and x = £b, which isadoubk AY
root The x2 +2 term does not produce any real
roots since this expression cannotequd zero. The _Fi
orientationis negaive. Thegraph crossesthey-axis
a y=1150.
Ay
Y

6. Thisgraph has negdive orientation
andtherootsare x = £8, 81, and 0. Be
sureto indudex =0 asaroot

7. X211 givesustwo roats. Sinceit factorsto
(x+1(x! 1), thefiverootsare: x=&4, B1, 0, 1,
and 4. Thegraph has a postive orientation.

A
¥

Y

8. A third degree polynoma (cubic) with onerootat x = 0, and onedoubkrootat x = £4. It
has a postive orientation.

Y

9. A fourth degree polynomial with real rootsat x = £b and £8, and adoulde rootat x = 5. It
has a negative orientation.

10. A fifth degree polynomial with fivereal roots: x = £6, B, 2, 4, and 6. It has a postive
orientation.

11. y=(x+3)(x! D(x! 4)

12. y=10.Ax+5)(x+2)(x! 3)(x! 5)

13, y=35(x+3)%(x! 1)(x! 4)

Chapter 9: Polynomia Functions 127



COMPLEX NUMBERS 9.21and 9.2.3

Students are introduced to thecomplex number system. Complex numbers arise
naurally when trying to solve some equaionssuch as x2 +1= 0, which, untl now,
students thoughthad no solution. They see howthe solutionto this equaionrelatesto
its graph, its roots, and howimaginary and complex nunmbers arise in other polynomial
equaionsaswell. For further information see the Math Notes boxes following
problems 9-65 on page 453,9-66 on page 454, 9-71 on page 456 9-89 on page 460,
and 9-104 on page 466.

Example 1

Solve the equaion bdow usng the Quadratic Formula. Explain what the solutiontells you about
thegraph of thefundion.

2x21 20x+53=0

[p2
As aquick review, the Quadratic Formulasays: If ax? +bx+c=0 then x= !bi'g%. Here,
a=2,b=£R0,andc =53. Therefore,

A 20)+4/(! 20)21 4(2)(53)

2(2)
— 20++/400! 424
2

_ 20:/124
4

We now have an expression with anegdive unde theradical. Until now, students would claim
thisequaion has no solution. Infact, it has noreal solution, butit does have a complex solution.

Wedefinei =+/11 asan imaginary nunmber. When we combine an imaginary number with a
real number, we call it acomplex number. Complex nunmbers are written in theform a + bi.
Using i, we can simplify theanswer above

— 20124
X= —a

— 20+411'4"6
4

_ 20+2i\/6
4

_ 2(10+i6)
==

_ 10+i/6
2
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Because this equaion has no real solutions if wewereto graph y = 2x2! 20x + 53 we would
see apaabolatha does not crossthex-axis. If we completed the square and put thisinto
graphing form, we would get y = 2(x! 5)2 + 3. Thevertex of this parabolaisat (5, 3), and since
it open upwards it will never crossthex-axis. You should verify this with your graphing tod.

Therefore, the graph of thefundion y = 2x2 1 20x + 53 has no x-intercepts, but it does have two
complex roots, x = % . Recall tha we said the degree of a polynomial fundiontells usthe
maximum numbe of roots. In fact thedegree tells usthe exact nunber of roots; some (or all)

might be complex.

Example 2

Simplify each of thefollowing expressions

a 3+116 b. (3+4i)+(12! 6i)
c.  (4i)(5i) d. (8! 3i)(8+3)

Remember that i =+/1 1. Therefore, theexpressionin (a) can bewritten as
3+/116=3+411=3+4i. This isthesmplest form; we cannotcombinerea and imaginary
pats of thecomplex number. But, asisthecasein part (b), we can combinereal parts with real
pats, and imaginary parts with imaginary partts. (3+4i)+ (12! 6i)=1! 2i. In pat(c), wecan
use the commutative rule to rearrangethis expression: (4i)(! 5i) = (4"1 5)(i "i) = ! 20i2.
However, remember that i =+/11, s0i2 = (/1 1)2 =1 1. Therefore, ! 20i2 =1 20(! 1) = 20.
Findly in pat (d), we will multiply usng methodswe have used previoudy for multiplying
binomals. Youcan use FOIL or generic rectangles to compute this produd.

(8! 3i)(B8+3i)=8(8)+8(3i)! 3i(8)! 3i(3i) 8 -3i
=64+24i! 24i+9 g e »
=73

3i 24i 9

Thetwo expressionsin part (d) aresimilar. In fact they are the same except for themiddle sign.
These two expressionsare caled complex conjugates, and they are useful when working with
complex numbers. Asyou can see, multiplying a complex nunmber by its conjugae produaes a
real numbe! Thiswill dways hgppen. Also, whenever afundionwith real coefficientshasa
complex root, it dways has the conjugae as arootas well.
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Example 3

Make a sketch of a graph of apolynomal fundion p(x) so tha p(x) =0 would have only four
real solutions Changethe graph so tha it hastwo real and two complex solutions

y
If p(x) =0 isto haveonly fourrea solutions then p(x) will St
have fourrea roots. Thiswill beafourth degree polynomal
that crosses thex-axisin exactly four different places. One — A S— X
such graphis shown at right P10 B5 5 10
b5+
In order for thegraph to have only two real and two complex N
roots, we mug changeit so oneof the QlipsOdoes not reach 5 -
thex-axis. Oneexampleisshown at right
1 /\ 1 1 X
DIlO B5 ;3 £0
D54
Problems
Simplify thefollowing expressions
1. (6+4i)! (2!1) 2. 8!l 116 3. (1 3)4i)7i)
4. (5! 7)('2+30) 5. (3+2i)(3! 2i) 6. (3! 5i)(/3+5i)

Below are the conplete graphs of some polynomal fundions Based on the shgpe and location
of the graph, describe al the roots of the polynomia fundion. Be sure to indudeinformation
such aswhether roots are doubke or triple, real or complex, €tc.

7. 8.

\Ay x AY
X
S e ey e e e e

—————

Y \

9. Writethe specific equaionfor the polynomial function passing throughthe pant (0, 5),
andwith rootsx =5, x =ER and x = 3i.
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Answers

1. 4+ 5

2 4i

3. 84

4. 11+ 29
5. 13

6. 28

7. A third degree polynomia with negative orientation and with onereal rootat x =5 and
two complex roots.

8. A fifth degree polynomal with negaive orientation and with onereal rootat x =!4 and
four complex roots.

9. y=1Z4(x21 3x110)(x2+9)
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FACTORING POLYNOMIAL FUNCTIONS 93.1and 9.3.3

Students learn to divide polynomials as onemethod for factoring polynomials of degrees
highe than two. Throughdivision and with two theorems, students are able to rewrite
polynomalsin aform more suitable for graphing. They can adso easily finda
polynomiasOroots, both real and complex. For further information see the Math Notes
boxes following problems 9-1200n page 472,9-139 on page 478 and 9-168 on page 486

Example 1
Divide x3+4x21 7x! 10 by x+1.

Students have learned to multiply polynomias usng several methods oneof which iswith
geneic rectangles. Thegeneic rectangleis a methodtha worksfor polynomal division as well.

To findthe produd of two pdynomials, students draw arectangle and labd the dimensonswith
thetwo polynomals. Thearea of therectangle isthe produd of thetwo polynomials. For
division, we start with thearea and onedimenson of therectangle, and use themodd to find the
other dimenson.

To review, condder the produd (x +2)(x2 +3x! 7). X? 3x Br
We use thetwo expressionsas thedimensonsof a
rectangle and calculate the area of each smaller pat of x3 3x2 B7x

therectangle. Inthiscase, theuppe l€eft rectangle has
an areaof x3. Thenext rectangle to therighthas an
areaof 3x?. We continueto calculate each smaller
rectangle® area, and sum the collection to find the total
area. Thetotal arearepresentsthe produd.

2x2 6X Bl4

Here, thetotal areais x3+ 3x2! 7x+2x2+6x! 14, or x3+5x2! x! 14 oneeitissimplified.

Now we will dothereverse of this process for our
example. We will set up arectangle tha has awidth of
x+1 andanareaof x3+4x2!1 7x! 10. Wehaveto x| 3
move sdowly, however, as we do not knowwhat the

length will be We will addinformation to thefigure
gradudly, adjuging aswe go. Thetop left rectangle 1
has an area equd to the highest-powered term: x3.
Now work backwards If thearea of thisrectangleis
x3 andthesidehas alength of x, wha does thelength of the other sidehave to be? 1t would be
an x2. If wefill this piece of information abovethe uppe left small rectangle we can ueit to

compute the area of thelower |eft rectangle, shown bdow.
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Thetotal areais x3+4x2! 7x! 10, butweonly have 1x3 and 1x? so far. We will need to add

3x2 more to thetotal area (plussome other terms, but remember we are taking this onestep at a
time).

<oz 2
Once we havefilled in theremaining Ox2 O X 3X
area, we can figure outthe length of thetop o X3 32
side Remember tha pat of theleft sdehasa
length of x. This meanstha pat of thetop
mug have alength of 3x. 5

1 X 3x
Use this new piece of information to compute

thearea of therectangle that isto theright of
the x3 rectangle, and then the small rectangle
bdow tha result.

Our total area has atotal of B/x, butwe have only 3x so far. This meanswe will need to add
B10x more. Place thisamountof areain therectangle to theright of 3x2.

X2 3x P10

With this new piece of area added, we can
compute thetop piece@ length and use it to x| x3 32 P10X
calculate the area of therectangle bd ow the

B10x. Notetha our congant termin thetotal

ar:ﬁlsf)lo, which iswha our rectangle has as 1| 2 3y ;o

342
Therefore we can write % =x2+3x! 10, or

x3+4x21 7x! 10= (x+1)(x2 + 3x! 10). Now tha oneof thetermsisaqualratic, students
can to factorit. Therefore, x3+4x21 7x! 10= (x +1)(x +5)(x! 2).
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Example 2
Factor the polynomial andfind al its rodts.
P(x) = x* +x2! 14x! 48

Students learn the Integral Zero Theorem, which says tha zeros or roots of thispdynomal,
mug be factors of the congant term. This meansthe possible real roots of this polynomia are
11,42, 43,44, 46,18, +12,+£16, 124, or +48. In this case there are 20 possible roots to check!
We can check them in anunber of ways. Onemethodisto dividethe polynomia by the
corresponding binomia expression (for ingance, if B isaroot, we dividethe polynomal by

x+ 1) to seeif itisafactor. Another methodisto subgitute each zero into the pdynomial to see
which of them, if any, make thepolynomial equd to zero. We will still haveto divideby the
corresponding expression once we have theroat, but it will mean less divisonin thelongrun.

Subdituting values for P(x), we get:

P@) = (D)* + (12! 14(1)! 48 POD=(D*+(11)2! 14(11)! 48
=1+1! 14! 48 =1+1+14! 48
=160 =132

P(2) = (2)* +(2)2! 14(2)! 48 P(2)=(12*+(12)2! 14(12)! 48
=16+4! 28! 48 =16+4+28! 48
=156 =0

We can keep going, butwe jug foundaroot, x = £2. Theefore, x + 2 isafactor of the
polynomal. Now we can dividethe pdynomial by this factor to find the other factors.

x3 I 2x2 5x P4
x| x4 I 2x3 5x2 Ep4x
2l 2x3 | 4x2 10x m™ms

This other factor, however, is degree three, still too high to use easier methodsof factoring.
Therefore we mug use thelntegral Zero Theorem again, and find another zero fromthelist 1,
12,43, +4, 16, £8, +12, £24. We can start where we | eft off, but nowusng

Q(x)=x3! 2x2 +5x! 24, asimpler polynomial to evaluae.
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Q(3) =(3)3! 2(3)2+5(3)! 24 It is certainly hdpful to find aroot so quickly!
Sincex=3isaroa, x D3 isafactor.

= | |
~ 37' 18+15! 24 Therefore, we can divideagan.
X X 8
x X X2 8x
2 !
B !3x I 3x D21 W2 +x+8=0
1144121 4(1)(8)
- 2()

Now we have P(x) = x* + x2 ! 14x! 48=(x+2)(x! 3)(x2 +x+8). RN
Findly! Thelast polynomial isaquadratic (degree 2) so we can factor B 2
or use the Quadratic Formula. If you try factoring, you will notbe — 11+131
successful, as this quadratic does notfactor with integers. Therefore, 2
we mug use the Quadratic Formulato find theroots as shown at right = %
Therefore, theorigind polynomial factors as:

P(X) = x4 +x21 14x1 48= (x+2)(x! 3)(x! !1+i2J3—1)(x! !1”2J3—1)
Problems
1. Divide 3x3! 5x2! 34x+24 by 3x! 2. 2. Dividex3+x2! 5x+3 by x! 1.
3. Divide 6x3! 5x2+5x! 2 by 2x! 1.
Factor the polynomials, keeping thefactorsreal.
4,  f(x)=2x3+x2! 19x+ 36 5 g(x)=x%! x3! 11x?! 5x+4
Find all roots for each of thefollowing polynomials.
6. P(X)=x*!2x3+x2! 8x! 12 7. Q(x)=x3! 14x2 +65x! 102
Answers
1. x21 x!12 5. g(x)=(x+D(x! 4)(x%+2x! 1)
2. x2+2x!3 6. x=1132i,!2i
3. 3?1l x+2 7. X=6,4+i,4!|
4,  f(x)=(x+4)(2x2! 7x+9)
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CHECKPOINT PRACTICE PROBLEMS

Starting in Chapter 2, students come across theicon shown at right Thisicon marks p
GCheckpointOproblems tha cover Algebra 1 topics tha students should be able to W
solve correctly at thispoint. If the student needs help to solve these problems, or
cannotcongstently solve them correctly, then the student needs additiond practice

with these types of problems. After each Checkpoint, the student will be expected to solve these
types of problems easily and accurately.

There aretwo Checkpoint problems for Chapter 9, problems 9-23 (writing the equaion for the
inverse of afundion), and 9-127 (solving a system of three equaionswith three unknowns).
The practice problems bdow cover only these topics.

These are thelast of the Checkpoint problems for the course. Revisit all the Checkpoint
problems fromtime to time to ensure your skills are intact.

Find theequaion for theinverse of thefollowing fundions Sketch the graph of bath the
origind fundionanditsinverse. (problem 9-23)

1. f(X)=!5x+2 2. g(x)=+3x+1
3. h(x)=6Jx+4 4, p(x)=x’17

Use eimination or matrix multiplication to solve the system of equaionsbdow. (problem 9-127)

5. 5x+y+2z=4 6. x! 2yl 5z=5
12x! y+8z=17 3x+6y! 2z2=4
X+2y! 3z=17 I4x! 5y+6z=18

7. X+2y+3z=14 8. 8x+2y+5z=1
3X+2y+z=10 x! 3y! 7z=13
7x! 3y+2z=7 2x! y+z=111

Answers

1. f!l(X):!X5+2 5. (Dl,g,O)
11y = X211 6. (6,E2 1)

2. g =25
1170y — (X 4)2 7. (1,23

3. h (X)_T

4, pll(X):\/X‘F? 8. (018!EB)
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SAT PREP

1. (5+6)2=2

a (2!5)+(2!6) b. 52+62 c. 122 d. 61 e 52162
2. If 6x! 7y=12, wha isthevalueof ! 2(6x! 7y)?

a E24 b. 13 c. Bl d. 420 e. B2

3. Theaverage (arithmetic mean) of three numbersis 25. If two numbes are 25 and 30, wha
isthethird number?

a 35 b. 30 c. 25 d. 20 e. 15

4. People from the county of Turpa measure with different units. Each curd is 7 garlongs
longand each garlongis made up of 15 bleebs How many complete curdsare therein 510
bleebs?

a 105 b. 15 c. 5 d 4 e 2

5. If x21 y2=12 and x! y=2, wha isthevalueof x+y?
6. Fiveconscutiveintegers sumto 25. What isthelargest of these consecutive numbers?

7. Forall postiveintegers m and n, wedegfine m! n to be thewhole nunber remainde
when m isdivided by n. If 11, k = 3, wha does k equd?

8. At PiesR Us, each pieiscutinto adice as shown in the
figure at right Each dice of pie has a central angle of m
30j. They sl thepiesby thedice. If theweightof each
pieisuniformly distributed, weighing 108 grams, how
much does each dice weighin grams?

9. Inthefigure at right, wha isthearea of the shaded 7
regionif that regionis asquae? J{

10. Wha isthesixth term in the sequence beginning 432,72, 12, E ?
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Answers

9. 20
1
10. 4

w0 DN PE
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