UNIT 4
SPATIAL VISUALIZATION

There are many students who have trouble visualizing mathematical descriptions, especialy in three
dimensions. It is, however, an important skill for many other fields (engineering, architecture, and
computer science, for example). We wrote this unit to help students improve their spatia visualization
skills. Y ou might find that there are some problems you will not be able to help your child with only
because she just cannot see the diagram in three-dimensions. To help overcome these problemsin the
classroom, your child's teacher makes manipulatives and concrete models available to the students. It
will help your child when doing homework if you have some similar objects available. These do not
need to be specially purchased items. In most cases, all you will need is some linguine or spaghetti
noodles, a box, or some sugar cubes.

The unit begins by revisiting graphing, this time to graph non-linear relationships, especialy
parabolas. We introduce the Zero Product Property to solve factorable quadratic equations.
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A polynomial in which the largest exponent istwo isknown asaQUADRATIC.
The graphs of quadratic functions are PARABOLAS.

These are quadratic functions:

y=3x2+5x-1 y=x? y=(X+3)(Xx+5) y=-5x2+7
a)  Explain why the third example above is aquadratic.
These are not quadratic functions:

y=2x-7 y=x3+8 yzg x2+y2 =8

b) Explain why these functions are not quadratics.
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How to Graph a Quadratic Function

There are many possible relationships between x and y. During the year we will
explore severa types of equations and their graphs, in addition to linear and
guadratic functions. For now, we will write all of the equations in y-form so that
it is easy to substitute values for x (input) and find each paired y-value (output).

Graph y = x2 by completing the following steps:
a)  Onyour paper, copy and complete the table for values of x and y.

x | 3] 2] -13] 1] o | o8] 1 | 2 | 3
y | | | | | | | | |

b)  On graph paper, carefully plot the points and draw a smooth curve through
them.

¢) Onthe same set of axes, graph the following two quadratic functions. Use a
table like the one above. Check with members of your team to be sure that
everyone gets the same values. In the first equation, remember to square
first, then change the sign of the result.

y =-x2 y =(-x)2
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Solution.
We can always graph any relation by making atable of values. The completed tableis below.

x | 3] -2 ] -13] 2] o | o8| 1 2 | 3 |
y | 9 | 4 |1e9| 1 | o | oes]| 1 4 | 9

We plot each (x, y) pair and connect the points with a smooth Ay
curve. Note: | had to estimate when placing some points. This a
"u-shaped” graph is a parabola. - |’

For the other two graphs asked for in part (c), we make atable N
of values and plot the points. (You can usethe sametable as R =
part (a) if you like. If you make your own table, just be sure to
use several points.) The two graphs are shown below.

=-x2 = -)()2
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Try it!
1. Make and complete your own table of values, then plot the pointsto graph y =x2 — 2.

Solution.

\ |

“ZBehind the Problem

When some students graph parabolas, they want to use short-cuts. They might think they can use
something similar to what we used when graphing lines like the slope and the y-intercept. Such aides
exist, but until we study these type of equations further (so that the students have a better
understanding of them) the only way we can graph them is to make atable. Thisisworth reminding
your child once again: A table will always work regardless of the relationship between x and vy.
Make sure your child completes the graph nesatly. It will make problem SV-19 easier.
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SV-9. THE ZERO PRODUCT PROPERTY
Ifa-b=0, then eithera=0o0or b=0.

Note that this property states that at |east one of the factors MUST be zero. It isalso
possible that all of the factors are zero. This simple statement gives us a powerful
result which is most often used with equations involving the products of binomials.

For examplee Solve (x+5)(x—-2)=0.
By the Zero Product Property, since (x + 5)(x —2) =0, either x + 5=00r x -2 =0.
a) Solve each equation for x.

b) Replace x inthe original example above with each of your results, one at a
time. Does each of these substitutions result in a true statement?

C) Add the Zero Product Property to your tool kit.
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Solutions.

The Zero Product Property saysthat if aproduct is zero than at least one of the factors must equal
zero. Inthisproblem, since (x + 5)(x —2) =0, either x + 5=00r x —2=0. We solve each of
theseeasily: x =-5o0r x =2. Part (b) asks us to check that these are correct solutions.

X =-b: X=2:

(5+5)(5-2) = 0 (2+5)(2-2)
O¢7n =00 (M)(0)

[IBNIRN)
[IBNIEN)
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Try it!

2. Use the Zero Product Property to solve each of the following.
a) (x+4)(x-10)=0 b) X(3—=x)=0
C) -4(x—-25)(x+7.6)=0 d) X(X+5)(x+9)=0
Solution.
a x=-4,10 b) x=0,3 c) x=25,-7.6 d x=0,-5,-9

The next problem connects the graphing of parabolas with the Zero Product Property.
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SV-15.| Examinethe graphsand their equations below.

3t
1+
' 1] 1 "5 f7
24
4T
y=x+3)(x+7) " y=(x-3)(x-7)
ory=x2+10x + 21 ory=x2-10x + 21

a) Discusswith your team how you know where the parabola crosses the x-
axis by examining the first form of each equation. Reviewing the previous
problem may help. Write your conclusion on your paper.

b)  Briefly explain the relationship between the sign of each number in the binomials
(first form of each equation) and the sign of the x-coordinates where the parabola
Crosses the x-axis.

c)  Supposeyou only had the second form of each equation, how could you
transform it into the more useful product form?
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Solution.

a) Thegraph crossesthe x-axiswheny = 0. Thus, using the first form of the equation we can write:
0=(x+ 3)(x + 7). We can solve by using the Zero Product Property: x =-3or x =-7. Therefore
the first graph crosses the x-axis at the two points (-3, 0) and (-7, 0). Similarly we can write the
second equation as 0 = (x - 3)(x — 7), which we can also solve by using the Zero Product Property:
x =3, x = 7. Therefore the second equation crosses the x-axis at (3, 0) and (7, 0).

b) The sign of each number in the binomialsis the opposite of the sign of the x-coordinates where
the parabola crosses the x-axis.

c) If weonly had the second form of the equations, we could factor the quadratics to rewrite it as
the first form.
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Try it!

3. Where do the graphs of each of the following quadrants cross the x-axis?

a y=(x-9kx+2) b) y=x(x-8) 0) y=(x+1)(x-3)
Solutions.

a (50),(2 0 b) (0, 0), (8, 0) c) (0.5,0), (3,0

In problem SV-18 we find out how to graph non-linear inequalities. Read this problem before
continuing.
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SV-19.  Sketch (do not make atable and plot points) the graphs of the inequalities below on graph
paper. Y ou can do this quickly if you refer to your graphsin problem SV-6, part (c).

a y>-x2 b) yE£ (-x)2
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Solution.
Aswe learned in problem SV-18, to graph an inequality, we first graph asif it were an
equality first. We aready did thisin problem SV-6. These graphs are shown below.

y =-x2 y = (X2

~

(1, I\

t
i \

Thefirst one isadashed curve because the inequality is strictly greater than (rather than
greater than or equal t0). Next we choose a point not on the curve and test it in the inequality
to seeif it makesthe inequality true or false. | will try the point (O, 1) in each inequality.

(0, 2): (0, 1):
2 2
1> -02 1 £ (-0)2
1 > 0 True 1 £ 0 Fase
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We aways shade on the side of the line or curve that makes the inequality true. Therefore our
graphslook like:

y >-x? y £ (:x)?

= |

~
I

Try it!
4, Graph the following inequality: y3 x2 —2.

Solution.

After spending some time on graphing, we practice to visualization skills. There may be problems
with which you cannot help your child. Our purpose hereisto give them practice with and
exposure to visualizing situations described in words.
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What shape is formed if the consecutive midpoints of the sides of atriangle are

connected? What about the midpoints of arectangle? A square? A hexagon? Draw a
sketch of each figure.
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Solution.
Many students take the term "visualize" too literally. Just because we are working on our
visualization skills does not mean we cannot draw a picture or diagram! Some students
think they are only supposed to draw the sketch once they have figured it out!
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To answer thefirst question: we get another triangle when we connect the
midpoints of the sides of atriangle. Sketches of what we get in the
remaining situations are shown below. Connecting the midpoints of the
sides of arectangle creates a parallelogram. The midpoints of a square:
another square. The midpoints of a hexagon: another hexagon.

<> O

5. Imagine that you walk 7 blocks north, turn and walk 3 blocks west, turn north again and
go 2 blocks north. There you turn and head east for 5 blocks, where you turn and walk 9
blocks south. Draw a sketch of your path. How far are you from where you started?

Solution.
The sketch is shown at right. When the walk is finished, you are just
two blocks east of where you started. The blocks are shown to help
visualize the directions. The solid lineisthe path you followed.

Np

We begin isometric drawings in problem SV-54. The students are usually very interested in this
topic, but some students have trouble seeing the drawings as three dimensional. Others can see
them as 3-D, but have trouble drawing them. Note: we want the students to use the isometric paper
to draw the figures; make sure your child keeps some on hand. To help visualize, have sugar
cubes, or some other set of small cubes available for your child to build the object before drawing
it or answering questions about it. This helps the students understand that sometimes there can be
pieces of the building hidden by other cubes.
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ThisisanISOMETRIC DOT PAPER GRID, |

IMPORTANT DETAIL: Isometric dot paper

is not the sameif it isturned sideways. To be

sure that your paper is correctly lined up,

draw a hexagon like the one shown below. If

thesides are vertical, then the paper isturned

correctly; if the sides have points, then turn

the paper 90°. Another way to check that your

paper isturned correctly isto look at the left

margin of the paper. The dots should make a straight, vertical column. If the dots
zigzag in and out between rows, the paper is turned the wrong way.

Thisisturned correctly:  ° * . °  thisisnot: ¢ e e e e

L]

° ° L] L]
L] L]
L] L]
L] L]
L] L]

L] L] L]

Thisisa3-D ISOMETRIC drawing of acube.

By stacking and pushing cubes together, we can create
other solids. Two cubes can be joined to form two
isometric solids as shown at right:

Keep real cubes handy as you are working on these

problems. Setting up what is pictured using real cubes
can be very helpful when interpreting the drawings.

When we ook at an isometric drawing wewill ALWAY Sview it

from thefront, right, and top parts of the solid as shown at right.

Building modelson a 3" x 5" index card marked "front,” "back,"

"left,” and "right" is helpful, because you can turn the model and

view it from several directionswithout it falling apart or having to
rebuild it.

Do not forget to make four copies of a cube.
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DIRECTIONS: The easiest way to represent multiple cube shapes on
square grid paper iswithaMat Plan. AMAT PLAN isatop (or bottom)
view of amultiple cube solid. The following is an example of aMat Plan:

Mat Plan
Back
211
Left| 3 | 2 | 1 | Right

1
Front

The number in each square represents the number of cubesin that stack.
Enough information is given for you to be able to reconstruct the multiple
cube shape.

a)  How many cubeswill it take to build this solid?

ThisisanSOMETRIC VIEW of the solid represented by
thisMat Plan. The shaded areas are the tops of each stack.

b) If youdid not already know the Mat Plan for
thisisometric view, could this picture be
hiding a cube?

c) What would bethe Mat Plan if there were a
hidden cube?

REMEMBER: So that we can always recognize what each of us draws, that
is, so that we draw figuresin a consistent orientation (position), we will
always draw isometric views so that the right face, the front, and the top are
the three represented views. Another way to remember thisisto think of the
base of the isometric view asthe Mat Plan rotated 45° clockwise (see the
figuresin the next problem).

A helpful technique for isometric drawing isto first transform the outline of the

Mat Plan to isometric paper. The middle figure shows the Mat Plan rotated 45°
clockwise. Thisview can now act as afloor plan and you can build the picture
next to it as shown.

3 >
W >

w
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VOLUME isthe number of 1 x 1 x 1 cubes, or parts of cubes, that fit inside a
three dimensional figure or object. For example, the solid in the box above has a

volume of nine cubic units.
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SV-68.  Create Mat Plans from the following isometric views and find the volume of each.

a) b)
FIR
e
f’o,,, & ffo,,, &
¢) Didyou haveto make any assumptions about hidden cubes when you drew the

Mat Plans? If so, what assumptions did you make in each case and why?

d) What other view would you need to see to be sure how many cubes there are?

Explain.
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Solutions.

a) b) 2|1
3121 1|3 1

2 12 211 211
\3 21| or |32 1\ 1 or 1
1 1 — —
Front Front Front Front

Volume = 10, 11, 12, 13, or 14

Volume =9 or 10
c) Each of these could have hidden cubes. Rather than make an assumption, | drew the two
possibilities.
d) Ineachcase, if we could seetheleft, bottom or top view we could decide whether or not
there are hidden cubes when viewing from the standard position.

Try it!
6.
a) Create aMat plan of this b) Create the isometric drawing
isometric drawing. of this Mat plan.
3
112 1|1
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7. Determine the volume of each of the three dimensional figures shown below.
a) Mat Plan b) | sometric drawing.

Solutions.
6.
a) b)

7. a) Thevolumeisthe number of cubesinthefigure. To find the
volume of this solid we sum the number of cubes shown in the
Matplan. V=3+4+2+2+ 1+ 1= 13 cubic units.

b) The volume is ambiguous because there might be cubes hidden
in the second and third row back. There are 10 cubes visible 2
so0 the volumeis at least 10 cubic units. There could be as
many as 10 hidden cubes. The Mat plan at right showsthe 4 | 1
maximum number of hidden cubes with italics. The volume
could be 10, 11, 12, . . ., 20 cubic units.

w
W NN
N

We move to calculated surface area and volume next. Read the boxes below and problem SV-101 before
doing the problem below.

APYRAMID is
1) apolyhedron
2) with abasethat isapolygon and
3) lateral facesthat are formed by
connecting each vertex of the base
to asingle given point (the vertex

of the pyramid) that is above or
below the surface that contains the 7

base. The lateral facesdo NOT base
need to be congruent.
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APRISM is:
1) | apolyhedron

2) || with two congruent (same size and shape)
parallel basesthat are polygons, and

3) [l latera faces (faces on the sides) that are parallelograms formed by connecting the
corresponding vertices of the two bases. Lateral faces
may also be rectangles, rhombi, or squares.

TheVOLUME of aprismisthe product of the base ar ea (B) and height (h)
(perpendicular distance between the bases): V = Bh. Volumeisexpressed in
cubic units.
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SV-103. Caculatethetota surface area of the following figures by using subproblemsto first
draw a picture of what each face looks like as a single polygon. Part (a) has been
done as an example for you. Don't forget the bases!

a) The base of the pyramid isasquare. b) Thefigureisaprism.
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Solutions.
To calculate the surface area we must dissect the solid into its parts or faces. Part (a) shows
the dissection of this square-based pyramid: it is made up of one square (the base) and four
triangles (the faces). To find the area of the square base we multiply the length times the
width: 12(12) = 144. The faces of the pyramid are triangles, four of them each, with a base

of 12 cm and aheight of 8 cm. The area of one such triangleis % (12)(8) = 48. Four of

these triangles have an area of 4(48) = 192. We add the area of the base to the area of the
facesto get the total surface area: 144 + 192 = 336 square cm. For part (b) the dissection
looks like the figure below:

The areas are easily calcul ated: 6 8 10
706)+78)+710)+2(3 ) ©©®) 4 |+ + +2 A

= 42+56+70+48 = 216 0.
units.
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Try it!

8. Find the surface area of the figure at right. Show the area
dissection of the figure.

Solution.
Just as we can "dissect” complicated two-dimensional figuresinto smaller partsto find the
area, we can break apart the three-dimensional figure to find the surface area. We can think
of the surface area as what we would need to cut out of cardboard to make thisfigure. In
this case,

?
8 =2€| ;5 + 8 + 8 + 8

the figure is made up of two triangles (the top and bottom) and three rectangles. Each
rectangle has a height of 8 units. Now we must find the area of each of these shapes. We
can easly find the area of the first two rectangles. To find the area of the triangle and the
area of the last rectangle, we must find the length of the unknown side. We can usethe

Pythagorean Theorem to do this.
3%+ x? =52
X 2
9+x°=25
3“4 x2=25-9
X2 = 16
X=4

Therefore, the sides marked with question marks are each 4 unitsin length. Now we can
caculate all the aress.

SA=28(3)(4)f + 3(8) + 58 + 48

=12 + 24 + 40 + 32
= 108 sguare units

The calculation of the missing length and each area cal culation were necessary subproblems
in the solution of the origina problem.

Again, whenever possible, have materials available so that your child can build or reenact the
problems. Thiswill help your child visualize figures and draw diagrams as well as make the
problems real for them. Additionally, the added experience of handling manipulatives while
exploring the mathematics will enable the students to understand the ideas and help them to
remember what it isthey are studying.

Spatial Visualization 65



MORE TO TRY

Identify which of the following is a quadratic function:

1. y=x2+5x-7 2. y=x3+3x+2 3. y=x3-3
4, y=x4+2 105. y=x2—-3x4-2 6. y=x2-7
7. y=-x-5-x2 8. y=5-x3 9. y=7+x2
10. y=x3-x2

Make atable and graph the equation. Find the x-intercepts (zeros) accurate to the nearest tenth

11. y=x2-3x-5 12, y=x2—-x-12 13. y=x2-2x-10 14. y=x2— 10x +9
15. y=x2+2x-7 16. y=x2—-4x—-2 17. y=x2-6x+5 18. y=x2-9x-15
19. y=x2-16 20. y=x2-49 21, y=x2-121

Graph each parabola. Factor the equation and explain how the factored form relates to the graph.

22. y=x2-3x+2 23. y=x2-10x+25 24. y =x2-x-12 25. y=x2 —4x-5
26. y=x2 +2x-8 27. y=x2 +6x+9 28. y=x2-8x+16 29. y=x2-9

Solve the following using the Zero Product Property.

30. x=2(x+3)=0 3l. 2x(x+5)(x+6)=0 32. (x-18)(x-3)=0
33. 4x2-5x-6=0 4. (2x-1)(x+2)=0 3. 2X(x-3)(x+4)=0
36. 3x2-13x-10=0 37. 2x2-x=15

Graph the following inequalities. Be sure to use atest point to determine which side to shade.
Y our graphs to the previous problems might be helpful.

38. y<x2-3x+2 39. y>x2-10x+25 40. y £x2—-x-12 41, y3 x2-4x-5
42, y>x2+2x-8 43. y3 x2+6x+9 44, y<x2-8x+16 45, y£Ex2-9
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Graph the following equations on the same set of axes. Write a conjecture about the pattern(s)
you notice.

46. y=x2 47. y=x2 48. y=x2
y=x2+1 y =2x2 y=(x+5)2
y=x2+3 y=32 x2 y=(x—3)2
y=x2-2 y = 3x2 y=(x+1)2

Create isometric drawings from the following Mat plans.

49, 50. 51. 52. 53. 54.
3 4 3l 2| 2
4 3|1 3 4 1| 3/ 2
3 5 1 2 2 2|2 3 1 2|21
55. 56. 57. 58. 59. 60.
2 3 3 3
2 3 3 2 4 1
2121 2121 2| 3|2 4131 5| 4 1
61. 62. 63. 64. 65. 66.
3| 3 3 4 3| 2 2 3 3
3|2 2 1 2|1
2121 3122 41 2 4| 3 1
Find the volume of each solid represented by each Mat plan below.
67. 68. 69 70. 71. 72.
3 4 3 2
4 3|1 3 3 4
3 5 1 2 2 2|2 1 2|2

Create aMat plan for each of the following isometric drawings. Be sure to indicate possible hidden cubes.

73. 74. 75.

<
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76.

Find the volume of the following.

79.

Calculate the surface area of each of the following. Show the subproblems.

81.

7.

82.

Find the surface area of each polyhedron.

84.

87.

12
9. 10.3

21

68

85.

83.
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