


10-38. Charlie and his nephew Jake, who is a bottomless
hunger pit, went to the state fair. Charlie had
promised he would buy Jake three snacks, one
when they arrived, one mid-afternoon, and one
when they were about to leave. As they were
arriving, Jake was trying to negotiate to get them
all at once. At the food stand the menu included
seven items:

Corn Dogs Popcorn
Root Beer Orange Soda
Sno Cones Cotton Candy
Candied Apples

Jake has a dilemma. He likes everything on the menu so much that he would not
mind having any three items or even any two or three of the same thing. Uncle
Charlie thinks variety is good so he wants Jake to choose three different things.

Your task: With your team, categorize the alternatives for Jake and Charlie in terms
of arrangements and repetition. Then describe and justify the solution method you
would use to count the number of possibilities for each situation. Finally, figure out
how many possible ways there are for Jake to choose his snacks for each situation.

[ Charlie wins (order, no repetition): ,P, =7-6-5 =210, Charlie wins on timing
only (order with repetition): 7° = 343, Charlie wins on variety only (no order, no
repetition): ,C, = 35, Jake takes all (no order, with repetition):
,Ci+2-,C,+,C, =84 ]

10-39. When Jake and Charlie disagree, Jake has a two-thirds chance of getting his way.
Draw an area model or tree diagram and calculate the probability that Charlie prevails
and Jake has to order three different items and have his snacks spread out. [ § ]

10-40. SUMMARY

Summarize the differences between combinations and permutations,
and other counting problems that involve the Fundamental Principle
of Counting. Make your explanation so clear and thorough that a
student who 1is just transferring into your class can understand
counting techniques. Include information about whether
arrangements are important and whether elements can be repeated and give examples
that illustrate the different possibilities. Title this entry, “Counting Problems and
Strategies” and label it with today’s date.
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Additional Problems

10-41. Connie and Nora went into Ready Scoop to get ice cream cones, but Nora cannot
make up her mind. The have 23 flavors and she wants 3 scoops. [ a: ,; P, =10,626 ;
b: ,,C,=1771; ¢: 1-22-22=484; d: 4-22-21=1848 ]

a.

If Nora is very particular about the order of the scoops, how many choices does
she have if all of the scoops are different?

Nora changes her mind. She wants a dish, not a cone, but she still wants three
different flavors. How many ways can she order?

Connie says, “I still want a cone with dark chocolate on the bottom and then
any other two scoops.” How many cones are possible with dark chocolate on
the bottom?

Vlad came in as they were leaving and saw Connie’s cone. He said, “Oh, that’s
what I want, a cone with chocolate on the bottom and then two other flavors.”
The clerk, said, “Okay, but we have four kinds of chocolate,” Vlad replied,
“any kind of chocolate will do.” How many different cones could fill Vlad’s
order?

10-42. You are given a bag that you are told contains eight marbles. You draw out a marble,
record its color, and put it back. [ a: No; b: No, no number of trials will assure
there are no red ones. c: Not possible ]

a.

If you repeat this eight times and you do not record any red marbles, can you
conclude that there are not any red marbles in the bag? Explain.

If you repeat this 100 times and you do not record any red marbles, can you
conclude that there are not any red marbles in the bag? Explain.

How many times do you have to draw marbles (putting them back each time) to
be absolutely certain that there are no red marbles in the bag?
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10-43. Joaquin is getting a new locker at school and the first thing he must do is decide on a
new combination. The three number locker combination can be selected from the
numbers O through 21. [ a: ,, P, = 9240, b: This is really a permutation lock. In
this case the common use of the word ‘“‘combination’ conflicts with the
mathematical meaning. c: ,,C, =1540, but this does not make sense for a

mechanical lock because it would imply dialing the numbers in any order to open
the lock. d: 22-21-21=9702 ]

a.  How many different locker combinations can Joaquin choose if none of the
numbers can be repeated?

b.  With your understanding of permutations, combinations, and factorials, decide if
the name “combination lock™ is appropriate.

c.  How many mathematical combinations are possible?

d.  How many choices would there be if you could repeat a number, but not use the
same number twice in a row?

10-44. For each of the following problems you may need to consider several subproblems.
[a:3-5-50r2-5-5+4-5+5=75,b: 2:4-3+4-4+5=45 or
3-4-3+4+5 =45 (Numbers with lead digit 0,2,4 plus numbers that would have
two zeros if zero is the lead digit (20, 40, 60, 80 and 0,2,4,6,8) ]

a.  How many numbers less than 500 can you make using the digits 0, 2, 4, 6, 87

b. How many numbers less than 500 are there if the digits 0, 2, 4, 6, 8 cannot be
repeated?
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Lesson 10.1.5 What are my chances of winning?

Some Challenging Probability Problems

Lesson Objective: Students will solve challenging, multifaceted probability problems using
the tools and techniques developed in this chapter.

Standards: CCSS:

S-CP 9. (+) Use permutations and combinations to compute
probabilities of compound events and solve problems

NCTM:

Understand how to compute the probability of a compound event.

Length of Activity: One day (approximately 50 minutes) or two days (approximately 100
minutes)

Core Problems: Problems 10-45, 10-46, 10-51, or 10-53 (with problems 10-48 through
10-50, 10-52, or 10-54 through 10-57 if using “Further Guidance”)

Materials: Bags of at least 20 wrapped candies in two colors
Pairs of different-colored dice
Three different-colored dice
Standard decks of playing cards

Lesson 10.1.5 Resource Page (answers for teacher only)

Suggested Lesson This lesson includes a choice of four BIG probability problems, each

Activity: requiring the solution of several subproblems. The first two (“The
Candy Dish” and “Casino Dice Game”) do not require students to use
their knowledge of permutations and combinations. “The Candy Dish”
has a nice algebraic connection, and “Casino Dice Game” involves a
whole range of ways to combine probabilities (and lots of fraction
practice). The third and fourth problems, “Triangles by Chance” and
“Poker” draw upon the use of combinations.

Each team should choose or be assigned one of the four problems, or
you may choose to have the whole class work on one or two of them.
These are big problems, and one of them will take most of the class time
to complete. If teams do different problems, you may want them to do
posters and report on their findings to the whole class.

A second day (which is optional) could be spent with teams doing
another problem and then sharing their posters. Before deciding which
problems to use and how to assign them, you should work through each
of them yourself, making a note of the questions you ask yourself along
the way. These are challenging problems, and the questions you ask
yourself will be great questions to ask your teams when they are stuck.
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The Candy Dish: Problem 10-45 is “The Candy Dish” investigation.
The first two parts are fairly straightforward, and by making a diagram
students can verify that the first game is not fair, but the second one is.
The general case is much more challenging. Be sure to try it yourself
before assigning it to your students. They will have to try many other
combinations before they find any others that are fair. The numbers that
come up turn out to be triangular numbers: 1 and 3, 3 and 6, 6 and 10.
Students can look for a general solution by noticing that the sum of the
pairs is a square and using the idea that for the game to be fair, the
probabilities must be equal. That gives them an equation to manipulate.

For students who persevere with this investigation, there are several ways
to represent and generalize the patterns of fair pairs. However, it is not
expected that most students will go that far with the problem. The
purpose for them is to be willing to try a number of possibilities, to
persevere, and to organize their work in a reasonable way in order to
communicate their findings and any patterns they see. Do not force them
to a generalization. However, if any teams are so inclined, encourage
them to use variables to represent numbers of candies and go for a
general solution.

Casino Dice Game: Problem 10-46 requires teams to analyze the
probability that the “shooter” wins in the casino dice game (widely
known as “craps”). It might be worth mentioning that historically, the
study of probability started with games of chance, and now some of the
biggest businesses in the world, insurance companies, set their rates by
determining the chances of certain unpleasant events happening.
Problems 10-48 through 10-50 offer very detailed “Further Guidance.”
Problem 10-47 is an extra challenge. To find the probability of winning
a bet against the roller requires a complete recalculation with the
probabilities for the original points based on 35 possible outcomes for
the dice (because the 12 is ignored).

Triangles by Chance: Problem 10-51 makes a nice connection with the
triangle inequality, that is, it asks students to consider the existence of a
triangle, in a probability problem. This problem requires some use of
permutations and combinations in calculating the probabilities and
involves a large number of subproblems. Teams may not initially realize
that a fourth category is needed for “no triangle possible.” As you are
circulating, be sure to check to see whether students have this category.
If not ask, “Will you be able to make a triangle for every set of three
numbers?”

Poker: In this problem, students are asked to calculate the probability of
being dealt certain poker hands. Students will first need to be familiar
with the hands and the order of their value. The “Further Guidance”
section leads students through some of the hands. Some are difficult,
while others are very challenging (particularly pairs, two pairs, and three
of a kind). It is recommended that you assign only the first six (royal
flush, straight flush, four of a kind, full house, flush, and straight). You
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Closure:
(10 minutes)

Additional
Problems:

will need to encourage students to start lists in some cases, to use
combinations rather than permutations, and to use the Fundamental
Principle of Counting at a second level. In other words, they can use
decision charts to recognize that they need to multiply combinations by
combinations. Some good questions to help teams generate strategies
include, “How can you break the problem into subproblems?” “Can you
solve a smaller or simpler problem?” and “How might you use a tree
diagram to help organize the problem?” Some students may want to add
when they need to multiply, so you might ask them to consider a simpler
problem and/or ask, “If for each of these A possibilities, there are B
alternatives, how can you calculate the total number of outcomes?” 1If
students are able to come up with probabilities for six of the hands, that
should be enough.

Day 1: Lead a brief discussion allowing teams to share their strategies
and any results that they find interesting or surprising.

Optional Closure for Day 2: Lead a gallery walk with posters teams
generate of their findings. Discuss strategies for determining whether a
problem or sub problem is a combination, permutation, or other. Ask
questions such as, “How can you determine if order matters? Can there
be repetitions?”

Problems 10-58 through 10-62
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10.1. 5 What are my chances of winning?

Some Challenging Probability Problems

In this lesson, you will have the opportunity to apply what you have learned about probability
and counting principles to solve some interesting (and very challenging) problems. As you work
with your team on one of the following problems, you will probably get stuck at some point
along the way. Below are discussion questions that can help to get started again.

What subproblems do we need to solve?
What simpler problem would help us to understand this problem?
How would we start a tree or a list?
Does order matter? Are the outcomes combinations, permutations, or something else?

Are these separate groups of outcomes? Are the probabilities independent? Should we add or do
we need to multiply?

Would it be easier to consider what is not an outcome?

10-45. THE CANDY DISH

A bowl contains three candies: two red and one green. Work with a partner and
decide who is player A and who is player B. Then take turns choosing a candy from
the bowl without looking. Player A takes one and keeps it, then player B takes one.
If the colors match, player A gets a point; if they differ, player B gets a point. Is this
a fair game? First try the game experimentally. Then show your analysis of the
probabilities. [ No; there is a § probability of matching and a 2 probability of
not matching. ]

Now put four candies in the bowl, three of one color and one of another. Will this
game be fair? Again, check experimentally then give your analysis using
probabilities. [ Yes; there is a 1 probability of matching and a 1 probability of
not matching. ]

Are there other ways to put different numbers of two colors of candy in the bowl that
would lead to a fair game while keeping the rest of the rules the same as in the
previous two problems? Try a number of different possibilities (up to at least a total
of 20 candies). Analyze each one using probability, make some hypotheses, and
report any patterns you see in the results, conclusions, or generalizations that you can
Jjustify mathematically. [ 1 and 3 is fair, so is 3 and 6, and so is 6 and 10. These
are successive triangular numbers. ]

Problem continues on next page. —
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10-45. Problem continued from previous page.

Your task: Prepare a report or poster to be evaluated based on:
. The number and variety of cases you investigate and analyze.

. Your organization of the data, your analyses, and your general
conclusions.

. The extent to which you can mathematically generalize your observations
and justify your generalizations.

10-46. CASINO DICE GAME

To play this game, you roll two dice. If your total on
the first roll is 7 or 11 points, you win. If your total is /
2, 3, or 12 points, you lose. If you get any other
number (4, 5, 6, 8,9, or 10), that number becomes your / )
point. You then continue to roll until your point comes > o>
up again or until a 7 comes up. If your point comes up —
first, you win. If 7 comes up first, you lose. You @
ignore any outcomes that are not your point or 7. ~
g

In pairs, play the game ten times. Record how many
wins and losses your team has. Combine your information with other teams working
on the problem. Are the results fairly even or were there many more wins or losses?

The game you have been playing is the basic dice game played in casinos worldwide.
What is the probability of winning? [ 35 = 49.29% ]

Your task: To calculate the probability of winning, you will need to identify and
solve several subproblems. Prepare a report that shows each of the subproblems
clearly, as well as how you solved each one. Your report should also show the exact
probability of winning as a fraction as well as a decimal approximation.

10-47. An extra challenge: Most casinos allow bettors to bet against the dice roller. In this
case, the bettor wins whenever the roller would lose except when the roller gets a 12
on the first roll. When 12 comes up, the bettor does not win or lose and he or she just
waits for the next roll. What is the probability of winning a bet against the roller?
Which is the better bet, for or against? By how much?

[ 35+ 23 +2GHE) + 2(7)GY) = 1555 » Against by a very, very small
margin,0.492987013 — 0.492929293 = 0.00005772. ]
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Fuwther Guidoawnce

10-48. Start with a list of the ways to get each sum 2, 3, ..., 12. For the remaining parts of
the dice game, it will help to keep answers in fraction form. [a: £ =2, b: & =1,
c: 2=11]
a.  Find the probability of winning on the first roll.
b.  Find the probability of losing on the first roll.
c.  Find the probability of the game ending on the first roll.

10-49. Now consider the other ways to win by rolling the point before rolling a’.
[a: &£=%&, b: 3Waystorolla4and6wayst0rolla7 SO 3 =3=1%.
c: P(4)- P(4 before 7) =5 3=%,d =3, e4 Ways to roll a S5and 6 Ways to
rolla7,s0 ;:={=2%. f: P(S) P(5S before 7)=+4-2=%, 8 ¢, 355 =,and

3
a.  Find the probability of rolling a 4.

b.  Find the probability of rolling a 4 before a 7. (Note that you are only interested
in 4’s and 7’s for this problem.)

c.  Find the probability of rolling a 4 and then rolling another 4 before a 7. In other
words, what is the probability of getting the outcome in part (a) and then the
outcome in part (b)?

d.  Find the probability of rolling a 5.

e.  Find the probability of rolling a 5 before a 7. (You only care about 5°s and 7’s
here.)

f.  Find the probability of rolling a 5 and another 5 before a 7.

g.  Find the probabilities for winning when your first roll is 6, 8,9, or 10. Look for
symmetry as you do this.
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10-50. Make a list of the all the ways to win. [ 7, or 11, or 4 and 4 before 7, or 5 and 5
before 7, etc. a: P(7)+ P(11)+ P(4,4 before 7)+ P(5,5 before 7)
+P(6,6 before 7)+ P(8,8 before 7)+ P(9,9 before 7)+ P(10,10 before 7)
=gt it et it ettt %x=2=493%, b: £+ =3=451%,
c: $1=50.7%, d: It is very close to fair. Over many repetitions, casinos can
expect bettors to lose more often than they win. ]

a.  What is the probability of winning?

b.  If you won the game, what is the probability that you won by throwing 7 or 11
on the first throw?

c.  What is the probability of losing this game?

d. Isitafair game? Is it close to fair? Explain why casinos can allow betting on
this game without expecting to lose money.

Further Guidance
section ends here.

10-51. TRIANGLES BY CHANCE

Obtain three dice from your teacher. You may also want some string, linguini, a
compass, or some other building material. Roll the three dice and use the numbers on
the dice to represent the lengths of sides of a triangle. Build (or draw) the triangle.
Record the three numbers in a table according to the type of triangle formed (scalene,
isosceles, equilateral, or no triangle). For example, if 3, 3, and 5 came up on the dice,
you would record 3, 3, 5 under the heading isosceles since a triangle with sides of
length 3, 3, and 5 is isosceles. Repeat this ten times, and then combine your
information with the other teams working on this problem. Examine the data and
discuss the results. Based on your discussion, make an estimate for the probability of
each outcome. Then calculate the theoretical probabilities.

[ Pleq)=+%-=4%=2.78%, P(is) = $x =54 =29.17%,

P(sc) = 3% = % =19.44% ,P(none) = 1% = 33 = 48.61% ]

Your task: Complete a team report or poster that includes:

e  Initial estimates of probabilities with your team justification for each one.

. The subproblems you solved, including how you counted the possible
outcomes.

. The theoretical probability for each case.
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Fuwther Guidawnce

10-52. First you will need to calculate the size of the sample space for rolling three dice.
[ 6° =216; a:six: 111,222,333, 444,555, 666; b: Three arrangements of each of
the following 21 possibilities: 221,223, 331, 332, 334, 335, 441, 442, 443, 445, 446,
551, 552, 553, 554, 556, 661, 662, 663, 664, 665. So03-21=63. These 21
possibilities are what is left after the 9 non-triangles are subtracted from
2,C, =30 (There are .C, ways to choose two side lengths from 6 numbers, but
each way must be counted twice because 2, 2, 1 makes a different triangle than 2,
1, 1. c: Six arrangements of each of the following 7 possibilities: 654, 653, 652,
643, 543, 542,432. S06-7 =42 . These are the only 7 of the ;C, =20 that form
triangles. d: The rest: 112, 113, 114, 115, 116, 224, 225, 226, 336 (times 3) and
651, 642, 641, 632, 631, 621, 541, 532, 531, 521, 431, 421, 321 (times 6).
Or 216—(6+63+42)=105. e: P(eq) = 3% = % =2.78%,
P(is)= =24 =2917%, P(sc) = 3% = % =19.44% , P(none) =12 = 3 = 48.61% |

a. How many ways come up so that the result is an equilateral triangle?

b.  How many ways can the dice come up so that the result is an isosceles triangle?
c. How many ways can the dice come up so that the result is a scalene triangle?

d. How many outcomes lead to no triangle?

e.  Use your results from parts (a) through (d) to compute the probabilities for each
outcome.

Further Guidance
section ends here.
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10-53. POKER

In the basic game of five-card-draw poker, five cards are dealt to each player from a
standard deck of 52 cards. Players place bets based on their estimate of their chances
of winning. They then draw any number of cards (up to five) to see if they can
improve their hands, and they make another round of placing bets.

The winning poker hands (assuming no wild cards) are described below, in order from
best to worst. Poker is a game that has been played for many centuries. Players had
established the order of winning hands centuries before mathematicians developed the
counting techniques, which verified that the order was actually mostly correct.

(Note: In the list below, J stands for Jack, Q stands for Queen, K stands for King, A
stands for Ace, and X stands for any card.)

1. Royal flush: 10-J-Q-K-A, all the same suit.

2. Straight flush: 7-8-9-10-J, any five in a row, all the same suit (A can be used
before 2 or after K).

Four of a kind: 2-2-2-2-X, four of a number or face card, and any other card.
Full house: 7-7-7-A-A-, three of one kind and two of another.
Flush: any five cards of the same suit, not all consecutive.

Straight: 3-4-5-6-7, any five in a row, a mixture of 2 or more suits.

N N G AW

Three of a kind: 8-8-8-J-A, three of a number or face card, the other two
different.

8.  Two pair: 9-9-5-5-2, pairs of two different numbers or face cards, with one other
number or face card.

9. Two of a kind: A-A-7-8-J, any pair with three random others that do not match.

10. Bust: no matches, no runs of five in a row, different suits.

Your task: Calculate the number of five-card hands that can be selected from a deck
of 52 cards, and then, for the first six of the above hands, calculate the number of
ways the hand can be dealt, and the probability that a player will be dealt that hand.
Prepare a team report or poster that describes your work on both the counting
problems and the probabilities.

[ ,C5=2,598,960, Royal flush: i< =0.000001539;

52Cs

Straight flush: 3¢ = 0.0000139 ; Four of a kind: 1224 = -5 ~ 0.00024 ;
Full house: ©>+C724C — 3744 . 00144 ; Flush: *25% = 518 _ 9 09197 ;
Straight: 10‘45540 = 1°2C00 = (0.00392 ; Optional: Three of a
kind: > C;"éscz'm = 5_‘:9352 ~0.0211; Two pair: = Cz':fgsCz‘11‘4 = 1?552 =~ 0.0475;

13,6, C4-44 1098240 .
One pair: _C. ==_C = 0423;

. 2Cs—(sumof1-9) . 1296420 _ 1302540 _

Bust: 2 Cs =1- 3508960 = 2598960 ~ 0:499
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Fuwther Guidawnce

10-54. The most difficult Poker hand to get is a royal flush. To calculate the probability of
getting a royal flush, you first need to determine the size of the sample space. How
many five-card hands are possible if there are 52 cards to choose from? Then decide
how many ways there are to make a royal flush. [, C; = 2,598,960 ;

a: =2-=0.00015%; b: 10,40; c: -3¢ =0.0014% ]

52C5 52C5

a.  What is the probability of getting a royal flush?

b.  How many straight flushes are there that are all spades? Making a list will help
you decide. Then how many straight flushes are there altogether?

c.  What is the probability of getting a straight flush that is not a royal flush?

10-55.  Flushes are five cards of one suit. [ a: 4-, C; =5148 ; b: 21375 = 318 - (1989 ]

5205~ 5205
a.  How many flushes are possible?
b.  What is the probability of getting a flush?
10-56. Straights are five cards in a row, such as 4-5-6-7-8 of any suit.

[ a: 10-4° — 40 =10200, b: %:%zomwz ]
a.  How many straights are possible that include 2 or more suits? In other words,
how many straights are possible that are not also straight flushes or royal

flushes?

b.  What is the probability of getting a straight?
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10-57. How many ways are there to draw four cards that are
the same number? Making a list will help. And how
many ways are there to get the fifth card? What do
you need to do to get the total number of five-card

hands that contain four of a kind?
[ 13,48,13-48 =624 ; a: ;;gg = 5‘;25‘5 = 0.024% ;
b: three:13-, C, =52 ,two:12-, C, = 72 , multiply;
e 2 =0t~0144%;
) ~ 505 U >

13 Cszlg5 C2-11-4
o 4C€2-12-4C2-11-4 _ 123552 __ o
g: IO _ 13 (0475

2C5
C.— f1-9 .
h: 2= %Smg 0 ) = 1- ggg‘;ég = ggég‘ég = 0.499, Find the sum and subtract from

1 to find the complementary probability. ]

a.  What is the probability of getting four of a kind?

b.  Now consider a full house. First, think of listing the number of ways to get
exactly three cards that are the same number. Once you know the three cards,
how many ways are there to get the other two cards in your hand the same?
What should you do with these two results to get the number of full houses
possible?

c.  What is the probability of getting a full house?

d.  Recall your result for the number of ways to get three of a kind and figure out
how many ways there are to get two cards that are different from the rest of the
deck. Use this information to calculate the number of five-card hands with three
matching numbers.

e.  What is the probability of getting three of a kind?

f.  Use a similar method for calculating the number of ways to get one pair and the
probability of getting another pair.

g.  Think about how you calculated the number of full houses and about how you
calculated the number of hands with four of a kind. Then calculate the number
of hands with two pairs.

h.  What is the probability of drawing a hand that is a “bust?” How can you use the
probabilities you have already calculated?

Further Guidance
section ends here.
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10-58.

10-59.

10-60.

10-61.

Additional Problems

The new worker at Pauli’s Pizza Parlor made up a whole rack of three topping
individual pizzas but forgot to label the boxes. He made one pizza for each possible

choice of three different toppings of the ten that were available. [ a: ,,C, =120,

. . 9C2 _ 36 _ 3
b: 8, c: 1063 — 120 — 10

a. How many pizzas are on the rack?

b.  How many have Canadian bacon, pineapple, and one other topping?

c.  What is the probability of getting a pizza that has mushrooms on it?

If a coin is flipped 10 times, in how many different sequences can heads or tails come
up? [ 1024; a: 1; b: ,,Cs=252; ¢: ,Cy+,, C, +,, C, +,, C; =176 d: 7555

252 _ 63 176 — 11 . 53 ]
4

1024 — 2565 1024 — 645 € &

a. How many ways can 10 heads come up?

b.  In how many ways can 5 of the 10 coins show heads?

c.  In how many ways can 0, 1,2 or 3 heads show, with the rest tails?

d.  Calculate the probability that each of the events in parts (a), (b), and (c) occurs.

e.  What is the probability that at least 4 heads come up?

You roll three different-colored dice and use the numbers on the dice to determine the
lengths of the sides of a triangle. For example, 3-3-5 would be an isosceles triangle
with base 5. What is the probability of building a right triangle? [ 3,4, 5; 5% ]

Four brown dogs and two white dogs are in a large dog house. Someone tells you that
exactly two dogs are asleep. [ a: 2—g§=%, b: 2=1L c1-(L+5H)=2,d:¢]

6C2
a.  What is the probability that the two dogs are brown?
b.  What is the probability that the two dogs are both white?
c.  What is the probability that one dog is white and the other is brown?

d.  If someone also told you the two sleeping dogs were the same color, what is the
probability they are brown?
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10-62.

— 126 T 9
How many pizzas are on the rack?

What is the probability of getting a pizza that has mushrooms on it?

Another pizza parlor is having a super special. They have a rack of small pizzas, each
with three or four different toppings. The price is really low because they forgot to
indicate on the boxes what toppings were on each pizza. They had eight toppings

available, and they made one pizza for each of the possible combinations of three or
four toppings. [ a: {C, +4 C, =56+ 70=126, b: If mushrooms are a known

topping, then we choose one fewer topping from only 7 remaining toppings
so 2567 = =4

MATH NOTES

ETHODS AND MEANINGS

Definition of 0!

The use of the combinations formula when r = n (when the number to
be chosen is the same as the total number in the group) leads to a
dilemma, as illustrated in the following example.

Suppose the Spirit Club has a total of three faithful members. Only one
three-member governance committee is possible. If we apply the formula for

P ]
33 -3l _ 3l _1 Does this make sense?

combinations, we get 3C3 = 57 = G131~ 0131

To resolve this question and make the formulas useful for all cases,
mathematicians decided on this definition: 0!=1.
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Lesson 10.1.5 Resource Page: Poker Solutions Page 1 of 2

There are .,C, = 2,598,960 possible distinct poker hands.

Royal flush: 10-J-Q-K-A, all the same suit.

There are 4 royal flushes, so P(royal flush) = =~ 0.000038%

2, 598 960

Straight flush: 7-8-9-10-J, any five in a row, all the same suit (A can be used before 2 or
after K).

There are 10 possible straights in each suit, so 40 possible straight flushes in all. We must
subtract the 4 royal ﬂushes so there are 36 ways to get a straight flush.

P(straight flush) = m =~ 0.0014%

Four of a kind: 2-2-2-2-X, four of a number or face card, and any other card.

There are 13 ways to draw four cards of the same number and there are 48 possibilities for
the fifth card, so there are 13- 48 = 624 possible four of a kind hands.

P(4 of a kind) = 55085~ 0.024%

Full house: 7-7-7-A-A, three of one kind and two of another.

There are ,C5 ways to get three of a kind from four of each value and there are 13 values, so
there are 13-4, C3 ways to get three of a kind. Then there are ,C, ways to get two of a kind
from four of each value and there are 12 remaining values, so there are 12 -, C, ways to get
the two of a kind. In all, there are 13-, C5-12-4, C, = 3744 ways to get a full house.

P(full hOLlSC) m =0.144%

Flush: any five cards of the same suit, not all consecutive.

There are |;C5 ways to get 5 cards from 13 of the same suit and there are 4 suits. We must
subtract the 36 straight flushes and 4 royal flushes, so there are 4 -3 C5 —40 = 5108 ways to

get a flush. Then P(flush) = 55508 = 0.197%
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Lesson 10.1.5 Resource Page: Poker Solutions Page 2 of 2

Straight: 3-4-5-6-7, any five in a row, a mixture of 2 or more suits.

Out of the numbers A through K, where A can be before 2 or after K, there are 10 possible
straights. For each of these 10 possible straights, there are 4° possible combinations of suits,
for a total of 10-4° = 10,240 possible straights. This number includes 36 straight flushes
and 4 royal flushes, so the total number of poker hands classified as straights

are10-4° — 40 =10,200 . P(straight) = 75290 =~ 0.392%

Three of a kind: 8-8-8-J-A, three of a number or face card, the other two different.

There are ,C5 ways to get three of a kind from four of each value and there are 13 values, so
there are 13-4, C3 ways to get three of a kind. Then there are |, C, ways to get two

differently valued cards from the remaining 12 values and, for each card, there are four
possible suits, so there are a total of 13-4 C3+5 C, -4-4 =54,912 ways to get the hand three

of a kind. P(three of a kind) = 522~ = 2.113%

Two pair: 9-9-5-5-2, pairs of two different numbers or face cards, with one other card.

There are |;C, ways to choose two values out of thirteen. Each of the two pairs chooses 2
suits from 4 or ,C, -, C, . There are 11 values remaining for the 5" card, and each value has
four suits. The total number of ways, then, to get the poker hand two pair

is3C - (4C,)? - 114 =123,552 . P(two pair) = 5 a5 ~ 4.754%

Two of a kind: A-A-7-8-J, any pair with three random others that do not match.

There are 13-4 C, ways to get the pair. Then there are |, C; ways to choose the values of the

three remaining cards, and for each card there are four possible suits. So, the total number of
ways to get the poker hand two of a kindis13-4, C, -, C5-4-4-4=1,098,240 .

P(two of a kind) = 205248 ~ 42 257%

Bust: no matches, no runs of five in a row, different suits.

The probability of getting a bust is the sum of all the other probabilities subtracted from 1.

P(bust) = 1 - 3355565 ~ 45.362%
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