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PYTHAGOREAN THEOREM PROOFS 
 

PYTHAGOREAN THEOREM PROOF 
 

 
You have seen that you can find the missing side of a right triangle using 
the Pythagorean Theorem.  To show that it is always true, no matter how 
long the sides are, it must be proved.  There are over 100 ways to prove 
this important relationship.  One of the common ways is shown below. 
 
                     c2 = a2 + b2  

 
 
 

 Start with four copies of a right triangle with legs 
and hypotenuse labeled a, b, and c units 
respectively.  Remember that rearranging a shape 
does not change its area. 

 

 

 

a. First, arrange the triangles to look like Don’s in the diagram at 
right.  Draw this diagram on your paper.  Explain why the area of 
the un-shaded region is c2 . 

b. Why is it true that moving the triangles within the outer square will 
not change the area of the un-shaded square?   

c. Move the shaded triangles to match the diagram at right.  In this 
arrangement, explain why the total area that is un-shaded is 
a2 + b2 .   

d. Since the unshaded area in the figure is both equal to c2  and at the 
same time a2 + b2 , we have c2 = a2 + b2 .   

 
 
 
An animated proof can be found online at: http://cpm.org/students/technology/geometry/ 

 b 
 

a 
 

c 
 

a c 

b 



Making Connections: Course 3 (Grade 8) Supplemental Materials, V1.1 11 

Problem 

Here is another proof of the Pythagorean theorem for you to do. 
 
 
a. Start with two squares as shown at 

right.  What is the total area? 

 
 
 
 
 
 

 
b. Draw the dotted lines to create two 

right triangles with legs a and b and 
hypotenuse c. 

 
 
 
 
 
 
 

 
c. Show how to move the shaded triangles 

to create a square.  What is the area of 
the square?  Why does this prove the 
Pythagorean theorem? 

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
Answers 
 
a. a2 + b2  
 
c. Move the horizontal triangle to the top of the original square with area a2  and the vertical 

triangle to the top of the original square with area b2 .  The area of the newly created 
square is c2.   Since the amount of area has not changed, just been rearranged, the new area 
c2  equals the old area a2 + b2.  

c 
 

 b 
 

a 
 

 b 
 

c 
 

a 
 

a 
 

 b 
  b 

 

a 
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PROPERTIES OF ANGLES AND LINES 
 

NAMES AND PROPERTIES OF ANGLE PAIRS 
 

 
It is common to identify angles using three letters.  For example, 
!ABC  means the angle you would find by going from point A to 
point B to point C in the diagram at right.  B is the vertex of the 
angle (where the endpoints of the two sides meet) and  BA

! "!!
 and  BC

! "!!
 

are the rays that define it.  A ray is a part of a line that has an 
endpoint (starting point) and extends infinitely in one direction. 
 
If two angles have measures that add up to 90°, they are called 
complementary angles.  For example, in the diagram above right, 
!ABC  and !CBD  are complementary because together they form a 
right angle. 
 
If two angles have measures that add up to 180°, they are called 
supplementary angles.  For example, in the diagram at right, 
!EFG  and !GFH  are supplementary because together they 
form a straight angle. 

 
Two angles do not have to share a vertex to be 
complementary or supplementary.  The first pair 
of angles at right are supplementary; the second 
pair of angles are complementary. 
 

Adjacent angles are angles that have a common vertex, share a 
common side, and have no interior points in common.  So angles ! c 
and ! d in the diagram at right are adjacent angles, as are ! c and 
! f, ! f and ! g, and ! g and ! d. 

 
Vertical angles are the two opposite (that is, non-adjacent) angles formed by two 
intersecting lines, such as angles ! c and ! g in the diagram above right. ! c by itself 
is not a vertical angle, nor is ! g, although ! c and ! g together are a pair of vertical 
angles.  Vertical angles always have equal measure. 

 

C 
A 

B D 

60°
 

120°  
40° 

50° 

Supplementary Complementary 

c d 
f
  g 

F H E 

G 
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Examples 
 
If  m!1 = 75! , find the size 
of the other angles. 
 
 m!1 = m!4 = 75!  since 
the angles are vertical. 
 
 m!1+ m!2 = 180!  since the angles are 
supplementary so  m!2 = 105! .  Angle 2 
and angle 3 are also vertical so 
 m!3 = 105! . 
 

Solve for x. 
 
Since the angle are 
vertical, 
 
45 = 3x +15
30 = 3x
10 = x

 

 
 
 
ANGLE PAIRS CREATED BY TWO PARALLEL LINES AND A TRANSVERSAL 
 

 
A line that intersects two parallel lines is called a transversal.  
When this happens, eight angles are formed.  Angles that are in 
the same position, for example, !1 and!3are called 
corresponding angles and have the same size.  Angles that are 
between the parallel lines and on opposite sides of the 
transversal, for example !2  and !3  are called alternating 
interior angles and have the same size. 
   

 
 
Examples 
 
Solve for x. 
 
The angles labeled  142!  
and  20x + 2!  are 
corresponding angles from 
parallel lines and are the 
same size. 
 
20x + 2 = 142   =>  20x = 140   =>  x = 7  
 

Find the measure of the acute  
alternate interior angles. 
 
 
Parallel lines means that the alternating 
interior angles are equal so, 
5x + 28 = 2x + 46  =>  3x = 18  =>  x = 6! .  
Use either algebraic measure: 

 2 6
!( ) + 46! = 58!  for each acute angle. 

 
 
 

   2 

   2 
    3 

 

4 1 45˚ 3x +15˚ 

1 
2 

3 4 

 

m!1 = m!3
m!2 = m!3
m!2 + m!4 = 180!

 

38˚ 142˚ 
20x + 2˚ 

2x + 46˚ 
5x+28˚ 
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Problems 
 
Use the properties about angles and lines to solve for x in each figure. 
 
  1. 
 
 
 
 

  2.   3. 

  4. 
 
 
 
 

  5.   6. 

  7. 
 
 
 
 

  8.   9. 

10. 
 
 
 
 

11. 12. 

 
 
 
 
 
Answers 
 
  1. 15°   2.  70°   3.  20° 
  4.    5°   5.    7°   6.    2° 
  7.    7°   8.    2°   9.  40° 
10.  15° 11.  25° 12.  24° 

45˚ 3x˚ 

125˚ 
5x˚ 

68˚ 
5x + 12˚ 

128˚ 
10x + 2˚ 38˚ 142˚ 

20x + 2˚ 
38˚ 142˚ 

20x – 2˚ 

52˚ 
128˚ 

7x + 3˚ 
13x 

  + 
  2˚ 

15x 
  –   2˚ 

40˚ 
3x 

  + 
  20˚ 

45˚ 
2x 

  + 
  5˚ 

127˚ 133˚ 

  x˚ 

3x + 1° 

x – 7° 
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PROPERTIES OF ANGLES AND TRIANGLES 
 

SUM OF THE ANGLES IN A TRIANGLE 
 

 

The measures of the angles in a triangle add up to 180°.  For 
example, in !ABC at right,  m!A + m!B + m!C = 180! . 

 

You can verify this statement by carefully drawing a 
triangle with a ruler, tearing off two of the angles 
(A and B), and placing them side by side with the 
third angle (C) on a straight line.  The sum of the 
three angles is the same as the straight angle (line), 
that is, 180°. 

   
 
 
Examples  
 
Solve for x. 
 

 

5x + 4x + 90 = 180
9x + 90 = 180

9x = 90
x = 10!

 

 

Solve for x. 
 
!1 and the  127!  angle are 
supplementary so  m!1 = 53! .  
Using the same idea m!2 = 47! . 
 m!3!+!53! +!47! = 180! , so  m!3 = 80! .  Since !3  
and the angle marked 7x + 3  are vertical angles, 
 80 = 7x + 3!=>!x = 11!  

 
 
 

A 

C 

B 
40° 60° 

80° 

A 

A 
C 

B 

B 

5x° 

4x° 

1 
2 

3 

127˚ 133˚ 

7x+3˚ 
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EXTERIOR ANGLE OF A TRIANGLE 
 

 
When the side of a triangle is extended, an exterior angle is created.  
In the diagram at right, !6  is an exterior angle.  The measure of 
the exterior angle is always equal to the sum of the two remote 
interior angles:  m!6 = m!8 + m!9 . 
    

 
 
Example 
  
Solve for  x. 
Using the Exterior Angle property:  6x + 8˚ = 49˚ + 67˚ 
6x˚= 108˚  ! x = 108˚

6  ! x = 18˚  

 

  
 
 
 
ISOSCELES AND EQUILATERAL TRIANGLES 
 

 
An isosceles triangle has two sides of the same length and 
two angles of the same size.  An equilateral triangle has 
three equal sides and three equal angles. In the triangles at 
right, ∆ABC, has BA=BC  and m!A = m!C . ∆GFH, has 
GF = FH = HG  and m!G = m!F = m!H = 60˚ . 
 

   
 
 
 
 
 
  isosceles         equilateral 

 
Examples  
 
Solve for x. 
 
This triangle is equilateral. 
All angles equal  60! . 

 

So!11x + 5 = 60
11x = 55!=>!x = 5!

 

Solve for x. 
 
This triangle is isosceles and 
the base angles are equal. 
 

 

5x + 36 = 9x
36 = 4x!=>!x = 9!

 

 
 

678

9

F

G HA

B

C

67˚ 

49˚ 6x+8˚ 

      

  
   

9 x ̊ 5 x   
  
+   

  
36˚   

11x 
   + 

  5˚ 
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Problems 
 
Use the geometric properties about angles and triangles to solve for x in each figure 
 
  1. 
 
 
 
 

  2.   3. 

  4. 
 
 
 
 

  5.   6. 

  7. 
 
 
 
 

  8.   9. 

10. 
 
 
 
 

11.  

 

12. 

13. 
 
 
 
 

14. 15. 

 
 
 
 
 
Answers 
 
  1.  45°   2.     35°   3.   40° 
  4.   34°   5.  12.5°   6.   15° 
  7.     3°   8.  10 2

3 °   9.   12° 
10.  7.5° 11.      7° 12.   81° 
13.   26° 14.  7 1

6 ° 15.  7.5° 
 
 

75˚ 

60˚ 

x˚ 
65˚ 

80˚ 

x˚ 
x˚ x˚ 

100˚ 

x˚ x˚ 

112˚ 60˚ 

60˚ 4x + 10˚ 

60˚ 

60˚ 8x – 60˚ 

30˚ 

19x + 3˚ 

58˚ 

3x˚ 

50˚ 

70˚ 

5x 
  –   10˚ 

5x 
  + 

  8˚ 

7x 
  – 

  4˚ 

6x 
  – 

  4˚ 

x˚ 

23˚ 

58˚ 

5x 
  + 

  8˚ 

7x 
  –   4˚ 
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OPERATIONS WITH SCIENTIFIC NOTATION 
 
SCIENTIFIC NOTATION AND STANDARD FORM 
 
 
Scientific notation is a way of writing numbers using powers of 10.  You write a number in 
scientific notation using the product of two factors.  The first factor is a number greater than one 
and less than 10 and the second factor is a power of 10. 

 1, 650, 000, 000 = 1.65i10
9  

 0.00067 = 6.7i10!4  
The numbers on the left side and not in scientific notation are in standard form.  Notice that the 
exponent shows the number of places that the decimal has moved.  Also in scientific notation, 
numbers greater than one have positive exponents and numbers greater than zero and less than 
one have negative exponents. 
 
Scientific notation is also how our calculators display extremely large numbers.  When your 
calculator shows 1.3!03 it means 1.3 · 103 = 1,300. 
 
 
 
Example 1      Example 2 
 
Convert to scientific notation.    Convert to standard form. 
 
a. 17,000  
 Move the decimal between the 1 and 7 

(4 places) and since the number was 
greater than one, the exponent is positive. 

 17, 000 = 1.7i10
4  

 
b. 0.000000345 
 Move the decimal between the 3 and 4 

(7 places) and since the number was 
between zero and one, the exponent is 
negative. 

 0.000000345 = 3.45i10!7  

 a.  1.77i10!3  
 The number is between zero and one so 

move the decimal 3 places to the left. 

 1.77i10!3 = 0.00177  
 
b.  2.345i106  
 The number is greater than one so move 

the decimal 6 places to the right. 

 2.345i10
6 = 2, 345, 000  
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Problems 
 
Convert each number to scientific notation. 
 
1. 12,500 2. 0.000345 3. 34,000,000 
4. 0.007 5. 0.0000368 6. 7 
 
Convert each number to standard form. 
 

  7.  3.4i107    8.  1.49i10!2    9.  8i10!6  

10.  7.88i109  11.  3.14i103  12.  1i10!1  
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CALCULATIONS WITH SCIENTIFIC NOTATION 
 
 
You can multiply or divide numbers in scientific notation by using the rules for exponents with 
the same base.  Recall that (if the bases are the same) in a multiplication problem with 
exponents, the exponents are added and that in a division problem with exponents, the exponents 
are subtracted.  After the computation is completed, you may need to convert the final answer 
into scientific notation. 
 
 
 
Examples 
 
Compute each product or quotient.  Convert the final answer to scientific notation if necessary. 
 
a.  (5.2i10

4 )(6i103)  
 (5.2)(6)(104 )(103)    arrange factors 
 (31.2)(107 )              multiply 
  (3.12i10

1)(107 )       change to scientific 
  = 3.12i108               simplify 

b. 
 
3.15i108

1.4i103
 

 3.15
1.4( ) 108

103( )     arrange factors 

  = 2.25i105   divide 

 
c.  (3.2i10

!6 )(3i104 )  
 (3.2)(3)(10!6 )(104 )   arrange factors 
 = 9.6( ) 10!2( )              multiply 

 
d. 

 
5i10!8

8i10!5
 

 5
8( ) 10!8

10!5( )                arrange factors 

 (0.625)(10!3)        divide 
  (6.25i10

!1)(10!3)  change to scientific 
  = 6.25i10!4            simplify 
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Problems 
 
Compute each product or quotient.  Convert the final answer to scientific notation if necessary. 
 

13. 
 
3i102( ) 2i103( )  14. 

 
6i102( ) 4i105( )  15. 

 
2i102( ) 3.2i10!5( )  

16. 
 
2.75i10!2( ) 2.5i108( )  17. 

 
1.75i10!2( ) 8i10!8( )  18. 

 
4i102( ) 2.5i10!3( )  

19. 
 
8i1012

4i107
 20. 

 
9i105

4i107
 21. 

 
2.5i105

5i108
 

22. 
 
5i105

2i10!8
 23. 

 
3i1015

4i108
 24. 

 
8i10!5

1.25i10!8
 

25. One of the giant pyramids of Egypt is made of about  2.4i106  carved blocks of stone.  If 
each block weighs approximately  4.95i103  pounds, about how many pounds of block 
make up the pyramid? 

26. The average distance from the sun to the earth is  1.488i1011meters.  If the length of the 
average paperclip is  3i10!2 meters, how many paperclips would need to be connected 
together to reach the sun? 

 
 
 
Answers 
 

  1.  1.25i104    2.  3.45i10!4    3.  3.4i107  

  4.  7i10!3    5.  3.68i10!5    6.  7i100  
  7. 34,000,000   8. 0.0149   9. 0.000008 
10. 7,880,000,000 11. 3140 12. 0.1 

13.  6i105  14.  2.4i108  15.  6.4i10!3  

16.  6.875i106  17.  1.4i10!9  18.  1i100 = 1  

19.  2i105  20.  2.25i10!2  21.  5i10!4  

22.  2.5i1013  23.  7.5i106  24.  6.4i103  
25.  1.188i1010  pounds 
26.  4.96i1012  paperclips 
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SPHERES 
 
VOLUME AND SURFACE AREA OF A SPHERE 
 
  
    
    For a sphere with radius r, the volume and surface area  
    are found using: V = 4

3 !  r3         and       SA = 4! r2  
 
 
 
 
Example 1 
 
Find the volume and surface area of the sphere at right. 
 

V = 4
3 !  r3 = 4

3 !  23 = 32!
3 !ft

3 !exact answer  
or using ! " 3.14  

 32 3.14( )
3 ! 33.51!ft3 !approximate answer  

 
SA = 4! "22 = 16! # 50.27!ft2  

 
 

 
 
 
 
 
 
 
 

 
 
Example 2 
 
A sphere has a volume of 972π.  Find the radius. 
 
Use the formula for volume and solve the equation for the radius.   
 
 V = 4

3!  r3 = 972!    Substituting 

 4!  r3 = 2916!    Multiply by 3 to remove the fraction 

  r3 = 2916!
4!

= 729    Divide by 4!  to isolate r. 

  r = 7293 = 9     To undo cubing, take the cube root 
 
 

center 

radius 

 

2 feet 
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Problems 
 
Use the given information to find the exact and approximate volume of the sphere. 
 
  1. radius = 10 cm   2. radius = 4 ft   3. diameter = 10 cm 

 
  4. diameter = 3 miles    6. circumference of 

 great circle = 12π 
  6. circumference of 
 great circle = 3π 

 
 
Use the given information to answer each question related to spheres. 
 
  7. If the radius is 7 cm, find the surface area. 
 
  8. If the diameter is 10 inches, find the surface area. 
 
  9. If the volume of the sphere is 36! , find the radius. 
 
10. If the volume of the sphere is 256!3 , find the radius. 
 
11. If the surface area is 256! , find the volume. 
 
12. If the volume is 288! , find the surface area. 
 
 
 
 
Answers 
 
  1. 4000!

3 " 4186.67!cm3    2. 256!
3 " 267.94 !ft3  

  3. 500!
3 " 523.33!cm3    4. 9!

2 " 14.13!mi3  

  5. 288! " 904.32!u3    6. 9!
2 " 14.13!u3  

  7. 196! " 615.44 !cm2    8. 100! " 314 !in.2  

  9. r = 3!units  10. r = 4 !units  

11. 2048!
3 " 2143.57!u3  12. 144! " 452.16!u2  
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Lesson 4.2.3   What if the data is not numerical? 
Association Between Categorical Variables  
 
Lesson Objective: Students will informally look for and describe associations between two 

categorical variables in two-way tables.  They will develop understanding 
that association can be seen in table rows or in table columns.   

Length of Activity: One day (approximately 45 minutes) 

Standards: CCSS: 
8.SP 4.  Understand that patterns of association can also be seen in 
bivariate categorical data by displaying frequencies and relative 
frequencies in a two-way table. Construct and interpret a two-way table 
summarizing data on two categorical variables collected from the same 
subjects. Use relative frequencies calculated for rows or columns to 
describe possible association between the two variables.  

Core Problems: Problems 4-50 and 4-51 

Materials: None 

Suggested Lesson 
Activity: 

In problem 4-50 students explore whether there is a relationship (an 
association) between the height of the corn and the type of soil it is 
planted in.  In part (a) students will quickly realize that it is very difficult 
to draw conclusions by looking at the counts of corn stalks in the table, 
since there are different total amounts in each of the categories.  In part 
(b), students change the frequencies to percents to make them easier to 
compare.   

In part (c) of problem 4-50 students should not make a histogram because 
the bin widths are different intervals.  Students are asked about this in part 
(e).  Because the data have been sorted into categories, not numerical 
intervals, students are directed in part (c) to make a bar graph to analyze 
the data.  Since we are interested in comparing the impact of soil type 
(soil type is the dependent variable), one bar graph will be made for sandy 
soil and one for clay soil.  Students will then be able to compare the 
heights in each of the types of soil.  Students are directed to compute the 
percents in part (c) across the rows.  Once they have done that, they 
cannot add nor compare percents going down the columns.     

You should be aware as a teacher that the correct terminology in statistics 
is not dependent and independent variable, but rather explanatory and 
response variable, respectively.  For this elementary introduction to 
association, however, it is perfectly adequate for students to refer to 
dependent and independent variables.   
In part (d) of problem 4-50, students should see that the clay soil has no 
impact on corn height; in clay soil there are roughly equal amounts of 
corn at each height.  But in the sandy soil, many more stalks are tall than 
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short.  Students can conclude that the soil type matters; there is an 
association between soil type and corn height.   

Note that students can properly conclude that the soil type causes the corn 
to grower higher only if this was a properly randomized controlled 
experiment.  Students will learn more about causation and randomized 
controlled experiments in high school statistics units.  For now, they 
understand that there is an association—a relationship—between the 
variables. 

Problem 4-51 is similar to the previous problem except in one very 
important respect.  In problem 4-51, the dependent variable is in the 
columns (the dependent variable is the type of energy bar).  In two-way 
tables, sometimes the dependent variable is in the columns, and 
sometimes it is in rows.  Indeed, since the data is categorical often one 
variable does not even depend on the other; the variables are associated 
but not caused by one another.  So in this case, students will make three 
bar charts, one for each of the energy bars.  They can then observe 
differences in energy level for each of the bars.  
As directed in part (d) of problem 4-51, students should always make a 
relative frequency table (a percent table) in addition to making the bar 
graphs.  In the Additional Problems, students should actually be able to 
make conclusions from the relative frequency tables alone, without the 
tedium of making bar graphs.   

For the teacher who would like to introduce a deeper understanding of 
association in two-way tables, problem 4-52 is provided.  The problem is 
not particularly challenging, but of course it will take some time to get 
through it.   

Closure: 
(5-15 minutes) 

Since this is the last lesson of the unit, a good choice for closure might be 
for students to reflect about the topics in this chapter.  Some topics for 
consideration, especially for a “compare and contrast” discussion might 
be: 
• What displays are appropriate for one variable numerical data?  For 

two-variable numerical data?  [ dot plots, histograms, box plots; 
scatterplots ] 

• What representation is appropriate for one-variable categorical data?  
For two-variable categorical data?  [ circle graphs, bar graphs; two-
way tables and multiple bar graphs ] 

• How is one-variable numerical data described?  Two-variable 
numerical data?  [ center, shape, spread, outliers; form, direction 
strength, and outliers ]  

Additional 
Problems: 

Problems 4-53 through 4-54 
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4.2.3   What if the data is not numerical? 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
Association Between Categorical Variables 
 
 
In previous lessons you described the association between two numerical variables, such as 
amount of fertilizer used and the height of the plant.  Some variables, such as gender, eye color, 
names of countries, or weather conditions are not numerical.  Since the data are in categories, 
non-numerical variables are called categorical variables.  Another type of categorical variable 
occurs when numerical variables are lumped into categories; for example in age groups.  Today 
we will look for relationships in variables that are not numerical.   
 
 
4-50. The experiments students did with plants and different growing conditions in Lesson 

4.1.4 caught the attention of a local farmer.  He was interested in whether the type of 
soil made a difference in the height of his corn crop.  He planted 2500 stalks of corn 
and collected the following data.  This type of table is called a frequency table 
because it shows counts, or frequencies, in each of the cells of the table.     

 
 height of corn (ft)  
 0-3ft 3-4ft 4-6ft 6-8ft TOTAL 
sandy soil 150 200 575 750 1675 
clay soil  225 150 200 250 825 
TOTAL 375 350 775 1000 2500 

a. Make a conjecture about the effect of soil type on the height of the corn.     

b. The table of data on corn height used counts because it counted the number of 
stalks of corn.  When analyzing categorical data, percents are much easier to 
analyze.  You need to determine the dependent variable so that you can 
determine, “Percent of what?”  What is the dependent variable?  [ The type of 
soil. ] 

c. The farmer is interested in the height of his corn for each of the two soil types.  
One way to easily compare the effect of the dependent variable is to make a 
different bar graph for each dependent variable.    

 Make a bar graph for the sandy soil.  The horizontal axis should be the height 
categories.  The vertical axis will represent the percent of the corn that grew to 
that height.  For example, the height of the bar for 0-3ft will be 9.0%, because 
150/1675 is 0.090. 

 Make a similar bar graph for the other dependent variable.  [ Possible bar 
graphs follow. ] 

Problem continues on next page. → 
4-50. Problem continued from previous page. 
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d. Is the height of corn associated with the soil type (does the soil type have an 
impact on height)?  Report your conclusions to the farmer.  [ For the clay soil, 
there was a roughly equal percentage of stalks for each height.  However, 
for the sandy soil, there were many more tall stalks than short ones.  The 
height of the stalks is not independent of the soil type, so there is an 
association between soil type and height of corn.  Assuming this was an 
appropriately randomized controlled experiment, if the farmer wants taller 
stalks, he should use sandy soil. ] 

e. Why did we make a bar graph for the height of the corn instead of a histogram?  
[ The heights are in categories; to make a histogram the bin widths would 
need to be equal, say 0-2ft, 3-5ft, etc.  Note that in a bar graph the bars do 
not touch each other, while in a histogram they do touch. ] 

 

Corn Planted in Sandy Soil Corn Planted in Clay Soil 
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4-51. The nutrition staff at CPM Diabetic Institute are interested in the impact three new 
energy bars have on blood sugar levels.  They conducted a study on 1000 volunteers 
and collected the following data.   

 
 Mighty Bar Force Bar Strength Bar 
lower blood sugar 30 91 66 
higher blood sugar 120 409 284 

a. Complete the table by computing row and column totals.  What is the dependent 
variable?  [ The type of energy bar. ] 

b. Make a different bar graph for each of the dependent variables.  The horizontal 
axis should be the independent variable.  [ See bar graphs below.  Note: 
Vertical axes should be labeled “frequency.” ] 

 

 

 

 

c. Is there an association between blood sugar level and the choice of energy bar?  
[ No association; each of the energy bars raises blood sugar in about 81% of 
the volunteers. ] 

d.  A relative frequency table displays the percents in a table instead of a bar 
graph.  Change the frequency table above to a relative frequency table by 
changing the counts to percents.  For example, the 30 Mighty Bars that lowered 
blood sugar will be displayed as 20%, as they were in your bar graph.  [ See 
solution in table below. ] 
 Mighty Bar Force Bar Strength Bar 
lower blood sugar 20.0% 18.2% 18.9% 
higher blood sugar 80.0% 81.8% 81.1% 
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4-52. Is there an association between chores and curfews?  In other words, do students who 
do more chores also have a stricter curfew?   

a. The data for 27 students in the two-way table below is fabricated (“made up”) to 
make a point.  Assume that chores are the dependent variable.  Make a relative 
frequency table.  [ See solution in bold table below. ] 

 early curfew late curfew 
does chores 9 0 
does not do chores 9 9 

 

relative frequency early curfew late curfew 
does chores 100% 0% 
does not do chores 50% 50% 

b. Is there an association between chores and curfew?  Explain based on the relative 
frequency table you made.  [ Yes, students who did chores all had an early 
curfew, while only half of students who did not do chores had an early 
curfew. ] 

c. Does having a curfew depend on whether you have chores, or does having chores 
depend on whether you have a curfew?  Does it matter?  Let’s explore those 
questions.  This time, assume that curfew is the dependent variable.  Make a new 
relative frequency table.  Does changing the dependent variable change your 
conclusion about there being an association?  [ See solution in bold table below.  
There is still an association, half of students who had an early curfew also 
had chores, while none of the students who had a late curfew had chores. ] 

relative frequency early curfew late curfew 
does chores 50% 0% 
does not do chores 50% 100% 

d. Now consider this new group of 27 fabricated students.  Is there an association if 
chores is the dependent variable?  Is there an association if curfew is the 
dependent variable?  Make relative frequency tables for both situations.  [ See 
solutions in bold tables below.  There is no association in either case.  If 
chores are the dependent variables, 2/3 of students who do chores have an 
early curfew, while also 2/3 of students who do not have chores have an 
early curfew.  So 2/3 of students do chores whether they have a curfew or 
not; there is no association between chores and curfew.  If curfew is 
dependent, 1/3 of students with an early curfew do chores, while 1/3 of 
students with a late curfew do chores.  1/3 of students do chores regardless 
of whether they have an early curfew; there is association between chores 
and curfew.) ] 

Problem continues on next page. → 
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4-52. Problem continued from previous page.  
 

 early curfew late curfew 
does chores 6 3 
does not do chores 12 6 

  

relative frequency (chores dependent) early curfew late curfew 
does chores 66.6% 33.3% 
does not do chores 66.6% 33.3% 

 

relative frequency (curfew dependent) early curfew late curfew 
does chores 33.3% 33.3% 
does not do chores 66.6% 66.6% 

e. What is interesting about the relative frequency tables that have no association?  
[ All of the rows (or columns), including the totals row, have the same 
percentages. ] 

 
 
 
 

 
4-53. An unusually severe increase in gasoline prices may have motivated car buyers to 

purchase a highly fuel-efficient vehicle.  Purchase behavior was collected in one state 
for one year and reported below.   

 
 low fuel prices high fuel prices 
# of highly fuel efficient cars and 
trucks purchased 

392 442 

# of ordinary cars and trucks 
purchased 

36,929 42,255 

a. Complete the row and column totals.  What is the dependent variable?  [ Fuel 
prices ]  

b. Create a relative frequency table.  Is there an association between fuel prices and 
the number of highly fuel-efficient cars purchased?  [ There does not appear to 
be an association.  See the relative frequency table below. ] 

 low fuel prices high fuel prices 
# of highly fuel efficient cars and 
trucks purchased 

1.1% 1.0% 

# of ordinary cars and trucks 
purchased 

98.9% 99.0% 

 

Additional Problems 
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4-54. Researchers have determined that teenagers’ memories are negatively affected by 
getting less than 10 hours of sleep.  Being good scientists, the math students at North 
Middle School were skeptical, so they did their own study.  They asked 300 students 
to memorize 10 objects.  The next day, each student was asked how much sleep they 
got, and asked to list the ten items.  The results are below.   

     
 Remembered all 10 items?  
 Yes No TOTAL 
Less than 7 hours 
sleep 

6 149 155 

4-9 hours sleep 11 109 120 
At least 10 hours 
sleep  

5 20 25 

TOTAL 22 278 300 

Make a relative frequency table to determine if there is an association between hours 
of sleep and memory.  [ The dependent variable is the hours of sleep.  There is an 
association.  As the number of hours of sleep increases, a higher percent of the 
students remember all ten items. ]  

 Remembered all 10 items? 
 yes no 
less than 7 hours sleep 3.9% 96.1% 
4-9 hours sleep 9.2% 90.8% 
at least 10 hours sleep  20.0% 80.0% 

 
 




