
RATIONAL FUNCTIONS 
 
 
In Chapter 4 of Algebra 2 Connections rational functions of the form 
f (x) = a 1

x!h( ) + k  were investigated.  As a reminder the graph is a hyperbola, has 
vertical asymptote at x = h , horizontal asymptote at y = k , 
and the value of a determines the orientation and the stretch 
factor.   
 
A typical problem from that chapter was to graph 
f (x) = 1

x+2 + 3.  The graph is shown at right.  In the  
sections below more general rational function are considered.  
 
 

 
 
RATIONAL FUNCTIONS 
 
 
In general, a rational function is a function of the form f (x) = p(x)

q(x)  where p(x)  and 

q(x)  are polynomials with q(x) ! 0.   When sketching a rational function without using 
a graphing calculator, it is helpful to start by finding (if they exist) these key features: 

¥ x-intercepts or roots 
¥ y-intercepts 
¥ vertical asymptotes or discontinuities (holes) 
¥ horizontal asymptotes 
¥ slant (oblique) asymptotes 

 
Each of these features will be discussed in the following examples.  After the features 
listed above are located, calculating a few additional points is usually sufficient to get a 
good sketch of the graph. 
 

 
 

 x = ! 2

y = 3



Example 1 
 
Determine the intercepts, horizontal and/or vertical asymptotes, and sketch a graph of 
f (x) = 2x+3

x! 1 . 
 
Solution: The x-intercepts are where the numerator equals zero: x = ! 1.5. 
The y-intercept is where x = 0 : y = !3 .  With the exception noted in Example 4 below, 
there is a vertical asymptote where the denominator equals zero: x = 1.  If the numerator 
and denominator have the same degree, a horizontal asymptote is found by reducing the 
terms of highest degree: 2x

x = 2 .  There is a horizontal asymptote at y = 2 .  Start by 
locating these key features on the graph. 
 
 
 
 
 
 
 
 
 
 
 

Additional note: Polynomial division will show 2x+3
x!1 =

5

x!1 + 2 .  Then the function could 
have been graphed using the methods in Chapter 4 of the textbook. 
 
 
Example 2 
 
Determine the intercepts, horizontal and/or vertical asymptotes, and sketch a graph of 
f (x) = x

x2
!4

. 

 
Solution: The x-intercepts are where the numerator equals zero: x = 0 . 
The y-intercept is where x = 0 : y = 0 .  With the exception noted below, there is a 
vertical asymptote where the denominator equals zero: x = ±2 .  If the numerator is a 
lower degree than the denominator, there is a horizontal asymptote at y = 0 .  Start by 
locating these key features on the graph. 
 
 
 
 
 
 
 
 

 x = 1

y = 2

! 3

2
, 0( )

(0, ! 3)

Plot a few additional points. 
x y 
!3 1.5 
 2 7 
 3 4.5 

Use the asymptotes as guides 
to complete the sketch shown 
at right. 

 

 

(0, 0)

x = ! 2 x = 2
Plot a few additional points. 

x y 
! 3  –0.6 
!1 1/3 
 1 –1/3 
! 3  0.6 

Use the asymptotes as guides 
to complete the sketch shown 
at right. 

 



Example 3 
 
Determine the intercepts, asymptotes, and sketch a graph of f (x) = ! 2x2+3

x ! 1 . 
 
Solution: The x-intercepts are where the numerator equals zero: x = ±

6
2 ! ±1.2. 

The y-intercept is where x = 0 : y = ! 3 .  With the exception noted below, there is a 
vertical asymptote where the denominator equals zero: x = 1.  If the numerator is a 
higher degree than the denominator, there is no horizontal asymptote.  If the degree of the 
numerator is one larger than the degree of the denominator there is a slant (oblique) 

asymptote.  Rewrite the function using polynomial division: !2x2
+3

x!1 = !2x ! 2+
1

x!1 .  
There is a slant asymptote of y = !2x ! 2 .   Start by locating these key features on the 
graph. 
 
 
 
 
 
 
 
 
 
 
 
Example 4 
 

Determine the intercepts, asymptotes, and sketch a graph of f (x) = x2 !1
x+1 . 

 
Solution: At first glance it would appear that there is a vertical asymptote at x = !1 .  
Looking more closely and factoring yields x2

!1
x+1 = (x+1)(x!1)

(x+1) = (x !1) .  The rational 
function simplifies to a line except when dividing by zero.  The graph is the line y = x !1 
with a hole at x = !1. 
 
 
 
 
 
 
 
 
 

 x = 1

(0, ! 3)

6
2

, 0( )!
6

2
, 0( )

y = !2x ! 2

Plot a few additional points. 
x y 

! 1  !0.5 
1/2 !5 
2 ! 5  
3 Ð7.5 

Use the asymptotes as guides 
to complete the sketch shown 
at right. 

 

 



Problems 
 
Determine the equation of any asymptotes or the location of any holes.  Use the 
intercepts, asymptotes, and as many other points as necessary to sketch the graph. 
 
1. f (x) = x+3

x ! 3  
 
 

2. f (x) = 2x! 5
x+2  

 
 

3. f (x) = ! 2x
2x ! 4  

4. f (x) = ! 2x
x2 ! 9

 

 
 

5. f (x) = 2x
x2+1

 

 
 

6. f (x) = x2! 4
3x ! 6  

7. f (x) = x+5
x2+2x! 15

 

 
 
 

8. f (x) = x2 +3x! 2
x+1  

 
 
 

9. f (x) = x2 +3x+2
x! 2  

 
 
 
 
 
Answers 
 

1. x = 3,!y = 1 
 
 
 
 
 
 

2. x = ! 2,!y = 2  
 
 
 
 
 
 

3. x = 2,!y = !2 
 
 
 
 
 

4. !x = ±3,!y = 0  
 
 
 
 
 
 

5. !y = 0  
 
 
 
 
 
 

6. hole at x = 2  
 
 
 

7. x = 3,!y = 0,   
hole at x = ! 5  

 
 
 
 
 
 

8. x = ! 1,!y = x + 2  
 
 
 
 
 
 
 

9. x = 2,!y = x + 5  
 
 
 
 
 
 
 

 

   

   

   


