REAL NUMBERS

COMPARING AND ORDERING REAL NUMBERS

Any number that can bewritten astheratio of two integers £ with b 0, is called arational
number. Rationd numbers can be matched to exactly onepointonanumber line Theaeare
many points on thenumber linefor which there are no rationd numbers. These nunbesare
called irrational numbers. Numbers such as r, \/5, and —3/5 areirrationd numbers. The
rationd numbes andtheirrationd numbers make up al of thenumbe's onthenumber line
and togehe are called thereal numbes.

Example 1

Indicate the approximate location of each of thefollowing real numbers on a number line

1 3110 1Ly n 4
.3,.3 ,.1.2,.5,. JV17,1 5

Weknowtha 1) =31, 7 ~3.14, and J17 = 4.1. Approximating thelocationsof the other
fractionsand decimals yieldsthelinebdow.

Example 2

Withoutusng a calculator, orde these numbersfrom least to greatest:

21, \/37,6,2,5.9 6.4x10°
Since 7 =3.14,127 = 6.28, 6=+/36</37=6.1, £=62~6.67 and 6.4x10° =6.4x1=6.4,
theorderis 5.9<6<+/37 <27 <6.4x10° < 2



Problems

Indicate the approximate location of each of thefollowing real numbers ona number line
1. 2,-075+8,-2,2,21

2. —10,%,1%,2.8-1.61

Withoutusng a calculator, orde thenumbers from least to greatest.

3. 102,110,137,399,11.1x 10',19.099

4. 113.914W17() +0.5),!3.899

5. 110,10 1,13,1295 134, 135" 10°
6. —50-24 -2 15512714 3
7. 8.1! 10, 2.1! 10°,7.25! 10°,1.05! 10*, 7.4! 10°,1.75! 10*

8. 1.62x1072,19.3x1073,11.97x1071,14.5%x1072,16.1x1073,18.3x 102

Answers

- % 075 3 221 4§ 2 G e B ozal,g
"\"lllxl’l!l!, 4\‘: :L: :\‘:\‘{{,
3210 1 2 3 3210 1 2 3

3. 9.099<3 <99 <10<+102<1.1"10"
4. (m+0.5)<3.899<39<4<17<1L

5. -3510°<-Y<-31<-10<-3<-2.95
6. 12"<!55<! B<is<iVo4<i4l

7. 7.25x10%3< 7.4x103 < 8.1x10% <1.05x10% <1.75x 10%* < 2.1x 10°
8. 6.1x10°3<9.3x103<1.62x102 <4.5x102 <8.3x102 <1.97x10?



OPERATIONS WITH RATIONAL AND IRRATIONAL NUMBERS

Thesum (or difference) of any two rationd numbersisrationd becauseif 4 and 5 are
rationd then &+ = = % which isrationd. Theprodud (or quotient) of any two rationd
nunmber isrationd because if % and 5 arerationd then - =72 which isrationd.

Thesum of arationd number and an irrationd number isirrationd. This can beshown usnga
Qproof by contradiction.O Assume tha aisrationd and b isirrationd and we want to show
tha a+b isirrationd. Start by assuming a+b = ¢ arationd number. Thiswill leadto a
contradiction. Subtractinga fromboth sidesyields b=c—a. Theleft sdeisirrationd butthe
rightsideis ¢! a, thedifference of two rationd nunbersandisrational. Sinceitisimpossible
for anumber to beboth irrationd and rationd we have a contradiction. Therefore a + b, the
sum of arationd nunber and an irrationd nunmber isirrationd. In theproblems bdow, usnga
similar method, the product of arationd numbe and an irrationd number can be shown to be
irrationd.

Mixed computation with rationd and irrationd numbersisusudly doneusng decimal
approximationsand rounding off to thedesired level of accuracy.

Example 1

Thesum %+ J2 isirrationd. It cannotbeexpressed in rationd form. To approximate the sum
to the nearest hundedth, use thedecimal approximationsto the nearest thousndth and then
round. 3=0.429 and v2=1.41450 3 +2 =0.429 +1.414 = 1.843 => 1.84

Example 2

Theprodud li-n isirrationd. It cannotbeexpressed in rationd form. To approximate the

produd to the nearest tenth, use decimal approximationsto the nearest hundedth and then round.
14=125 and7=3.14 0 14-7~125-3.14=3.925!1=39

Example 3

: 7_1:; : 21 8 —13 : : :
The difference ¢ — is rational and can be expressed as 7, ! 5, =57 . Itis usually left in this

form but could also be approximated as a decimal to any desired place. For example
%—2 =0.541666.. and to the nearest thousandth %—2 I 0.542.



Problems

In problems 1 through9, tell if theanswver will berationd orirrationd. If itisrationd, givethe
answer inrationd form. If itisirrationd, give thedecimal approximation to the nearest
hundedth.

L 1+y7 2. 2+1 3 1+
4. 2115 5. 2.4 6 3445
7. mw+2 8. 4 9. 12143
10.  Prove that the product of a rational number and an irrational is irrational. Hint: Use the

same method as was used to show the sum is irrational.

Answers
13
. 1, 2.85 2. R 1 3. R 3
9
4. 1, 2.58 5. R, 6. I, 1.34
7. 1, 3.81 8. I, 4.19 9. I, -3.73
10. Start by assuming that if a is rational and b is irrational, then a!b = ¢ where C is rational.

Divide both sides by a and show a contradiction as was done in the box at the top of this
section.



