SEQUENCES

ARITHMETIC SEQUENCES

An ordered list of numberssuch as: 4,9, 16,25,36E isasequence. Each number inthe
sequenceisaterm. Usudly variables with subscripts are used to labd terms. For example,
in the sequence above thefirst term is 4 and thethird term is 16. This mightbewritten

a, =4 and a; =16 where a isthevariable used to labd the sequence.

Inthesequence 1,5, 9, 13, E , thereis a common difference (d = 4) between the successive
terms and thisis called an arithmetic sequence. There are two common methodsto definea
sequence. An explicit formulatells you exactly how to find any specific term in the sequence.
A recursive formulatellsfirst term and howto get from oneterm to thenext. Formally, for
arithmetic sequences, thisiswritten:

Explicit: a, =a, +(n—1)d where n=term numbe and d = common difference.
Recursive: a; = some specific value, a1 = a,+d, and d = common difference.

Forthesequence 1, 5, 9, 13, E , theexplicit formulais: a, =1+ (n! 1)(4)=4n! 3 andthe
recursive formulais: a; =1"a, 1 =a, +4. Ineach case, successvely replacing n by
1,2, 3, E will yield theterms of the sequence. See the examples bdow.

Examples

List thefirst five terms of each arithmetic sequence.

Example 1 (An explicit formula) Example 2 (A recursive formula)
a,=5n+2 b, =3!b,,;=b,-5

a =5()+2=7 b =3

a,=52)+2=12 by=b!5=315=12

a;=53)+2=17 by=b,-5=-2-5=-7

a, =5(4)+2=22 b, =b;-5=-7-5=-12

a5 =5(5)+2=27 bs=by! 5=11215=117

Thesequenceis: 7,12, 17, 22, 27, E Thesequenceis: 3, E2, £7, B12, B17, E

Example 3 Find an explicit and arecursive formulafor thesequence: £2,1,4,7,E
Explicit: a3y =!2,d=3 sotheanswveris a,=g +(n! Dd=!2+(n! )(3)=3n! 5

Recursive: g =!2,!d =3 sotheansweris. gy =!2!la,,1 =a, +3



Problems

List thefirst five terms of each arithmetic sequence.

1 a,=5n-2 2. b,=-3n+5

3. a,=!15+3n 4, ¢, =5+3(n!1)

5. a =5Wa,,,=a,+3 6. a =5!a,,,=a,-3
7. a;='3Va,,,=a,+6 8. a=1Ma, =a,+%

Find the 30" term of each arithmetic sequence.
9. a,=5n!2 10. a,=!15+3n

11. ag =531d=5 12.  a=25 a,,=a,'3

For each arithmetic sequence, find an explicit andarecursive formula.

13. 4,8,12, 16,20 E 14. £2,5,12,19,26,E

15. 27,153 £9,£21,E 16.  33%,3%,4,4%,..

Sequences are graphad usng points of theform: (term nunber, term value).

For example, the sequence 4, 9, 16, 25, 36, E woud begraphel by plotting the points (1, 4),
(2,9), (3, 16), (4, 25), (5,36), E Sequences are grapheal as points and not connected.

17. Graphthesequencesfrom problems (1) and (2) above and deerminethedopeof each line

18. How doesthedopeof thelinefoundin the previous problem relate to the sequence?



GEOMETRIC SEQUENCES

Inthesequence 2, 6, 18, 54, E , thereisacommonratio (r = 3) between the successive terms
andthisis called an geometric sequence. Asbefore, there are two common methodsto
definea geometric sequence. Theexplicit formulatells you exactly howto find any specific
term inthesequence. Therecursive formulagives first term and how to get from oneterm to
thenext. Formally, for geometric sequences, thisis written:

Explicit: a, =a, !r""1 where n = term number and r = commonratio
Recursive: a = some specific valueand a,,; = a,-r wherer = commonratio
For thesequence 2, 6, 18, 54, E , theexplicit formulais: a, =a,!r""1=213"1 andthe

recursive formulais: & =2,!'a,,; =a,!3. Ineach case, successively replacing n by
1,2, 3, E will yield theterms of the sequence. See the examples bdow.

Examples

List thefirst five terms of each geometric sequence.

Example 1 (An explicit formula) Example 2 (A recursive formula)
a,=312"1 b =8, by, =b,!L

a=32"1=3.20=3 b, =8

—2192"1 =991 =

a2—3!23"1—3!22—6 bZ:bll%:B!%:4

az=312°+=312=12 —h1log1l—

3 1 . b3—b2!5—4!5—2

a,=312% +=312°=24 b =p.il=21l=1

a;=3-2>1=3.24=48 ) 3'? Lo
b5:b4!521!5:5

Thesequenceis: 3,6,12,24,48,E

Thesequenceis: 8,4,2,1,1 ,E

Example 3 Find an explicit and arecursive formula for the sequence: 81,27, 9, 3, E
Explicit: a; =81!r =< soth is g = n-1-g1 (1)”-1
plicit: a; =81!r = 5 sotheansweris: a, =ay-r" = =81-(3

Recursive: g = 81!r = 3 sotheanswer is: & = 81!la,,; = a, -3



Problems

List thefirst five terms of each arithmetic sequence.

19. a,=5-2"1 20. b,=13"3"1

21. a,=40(4)" 22. c=6(1 1)

23. a=5""a,,=2a,'3 24. 3 =100!a., =a,!3
25. a=!3 ay=a,"("2) 26. @ =iMa, =a, %

Findthe 15" term of each geometric sequence.
27. by, =232lr=2 28.  bg=32lr=2

29. a14:9,r:% 30.  a=9r=2

Find an explicit and arecursive formulafor each geometric sequence.

31. 2,10,50, 250 1250 E 32. 16,41, 1. 1.

33. 5,15 45, 135 405 E 34. 3,06,12,Ep4,48,E

35. Graphthesequences from problems (19) and (32). Remember the note before problem
(17) aboutgraphing sequences.

36. How are thegraphsof geometric sequences different from arithmetic sequences?



Answers

1 3,8131823 2. 2,81, B4 87,010
3. 1143,114,113%,113 1123 4. 5,811,14 17
5 5,811 1417 6. 5,2 81, B4, &7
115115 1
7. £8,3,91521 8. 3.1%2.113.113,123
9. 148 10. 0
11. 48 12. 862
13. a,=4nhlla =4la,,,=4a,+4 14. a,=7n! 9hllgy =12la,,1=a,+7

15. a,=!12n+39kla =27,a,, =a,! 12 16. a,=in+22klla =3la, =a,+3
17. graph(1): linear points (1, 3), (2, 8), (3, 13), (4, 18), (5, 23) dope=5

graph (2): linear points (1, 2), (2, B1), (3, B4), (4, br), (5,P10) dope=£8
18. Thedopeof thelinecontaining the pantsis the same as the common difference of the

sequence.
19. 5,10, 20, 40, 80 20. £8,E9, £27, £81, £R43
5 3 33
21. 40,20,10,5, 3 22. 61-313,-313
23. 5,15 45,135 405 24. 100,50, 25, 2, =
11,1 1 1
25. 8.6, D12, 24, P48 26. 111,10l L
27. 464 28. 16
29. 6 30. &
" -1
31. a,=2!5""1la =2 la,,, =a,!5 32. an=16-(%)n llay = 16,1y, = a, -
33. a,=5-31: =5 a,,=a, 3 34. a,=3!("2)" "tla = 3la,,, =a,!("2)

35. Graph (19): Points on curve through(1, 5), (2, 10), (3, 20), (4, 40), and (5, 80).
Graph (32): Points on curve through(1, 16), (2, 4), (3, 1), (4, 1), and (5, 3%).
36. Arithmetic sequences are linear and geometric sequences are curved (exponential).



